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Motivations

• We often study thermal equilibrium

equilibrium

We understand how to characterise it macroscopically (thermodynamics)

      & its local neighbourhood (hydrodynamics / linear response…)


Holography as a microscopic model

                               thermal equilibrium = Killing horizon in AdS




Motivations

non-equilibrium landscape

• Its larger because you can drive / prepare initial conditions in many ways


• Holographic duality works in real-time: arbitrary time-dependent spacetimes

• This talk is about the larger space:

equilibrium

steady states 

• special case: non-equilibrium steady states  
                                                dual to stationary non-Killing black branes



non-equilibrium landscape

equilibrium

Motivations

• Goal: find special points exhibiting universality


• Want features insensitive to details of driving, initial conditions, models


turbulence

• Focus on famous known example: turbulence



• Interactions lead to cascades

• Power transferred between scales

• Information about initial conditions washed out

• Universal behaviour described by Kolmogorov (1941)
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In this work we have taken a new approach for generat-
ing steady state forced turbulence in flowing soap films.
Instead of placing a horizontal comb across the mean
flow [12–14,18], we have placed vertical combs along the
channel walls. The teeth of the vertical comb perpetually
generate small vortices, which are then quickly swept into
the center of the channel by larger vortices. A forced,
steady turbulent state ensues.
A photograph of a single vertical comb, consisting of

needlelike staggered teeth (0.3 mm in diameter, 3 mm
separation), in the flow is shown in Fig. 1a. The comb
is placed in the center of the channel to demonstrate
the turbulent structure which develops around it. The
vertical stripes are interference fringes between the front
and back surfaces of the film, indicating that its thickness
changes 0.2 mm between consecutive bright fringes. The
total film thickness is estimated at 5 6 mm. Near the
comb, thickness variations occur over such short distances
(ø1 mm) that the photographic film can no longer
distinguish individual fringes. For distances larger than
1 mm it is therefore reasonable to consider the film
effectively smooth. The photograph was exposed for
1y8000 s.
The turbulent envelope shows small vortices shedding

from the teeth at the comb’s leading edge, which merge
with similar vortices downstream. Large semicircular
vortices grow on opposite sides of the comb. They are
spaced rather regularly, implying interactions between
vortices on both sides of the comb. The structures are

FIG. 1. Photographs of vertically flowing turbulent films.
Interference of monochromatic light between the front and back
surfaces of the film lends contrast to the images. (a) A single
vertical comb at the center of an 8 cm wide channel. (b) Two
slightly slanted combs, approximately 5 cm apart at the bottom
of the image.

reminiscent of those observed in mixing layers [19].
Turbulent eddies are punctuated by laminar fluid, which
is occasionally swept completely back into the comb.
A single vertical comb alone is not a good device for

generating isotropic homogeneous forced turbulence, but
a pair of combs on either side of the flow channel does
an acceptable job. Figure 1b shows a configuration with
two long vertical combs arranged in an inverted “V.”
Transport of small vortices to the center of the channel
is enhanced by a net fluid flux through the combs. The
interior of the flow shows a mixture of large and small
eddies, reasonably homogeneous over the entire length of
the center of the channel. This photograph is strikingly
different from those previously published with a single
comb across the top of the channel [12–14,20]. In those
photographs one observes a downstream coarsening of the
turbulent vortices, typical of decaying 2D turbulence.
Quantitative measurements were taken with a two com-

ponent laser Doppler velocimeter [(LDA) manufactured
by TSI Inc.]. The flow was seeded with 0.22 mm di-
ameter TiO2 spheres. Typical data rates were between
5 and 10 kHz. For a mean film speed of about 3 mys,
and making the frozen turbulence assumption, this trans-
lates to a measurement spacing of 0.3–0.6 mm. The
actual measurement volume is less than 0.1 mm in
diameter. Data were collected in the form of time series
of about 200–300 s in duration. During this time, about
1 km of soap film has passed the measurement volume,
and 2 3 106 data points are collected. Reynolds numbers
for the largest vortices are estimated as greater than 103.
We respectively denote the streamwise and cross stream
directions as y and x.
We rely on the frozen turbulence assumption to convert

the data from a time series to a measure of the spatial
variation of the velocity. In our case, y

i

syd ≠ y
i

sky
y

ltd.
This is generally accepted as reasonable if the magnitude
of the turbulent intensity (TI, defined as kDy2

i

l1y2yky
i

l) is
less than about 10%. In our flowing films the TI typically
ranges from 10%–25% but can be as high as 55% very
close to the turbulence generating grid.
The power spectra of y

x

syd and y
y

syd were taken by
performing fast Fourier transforms (FFTs) on segments of
2048 consecutive data points, giving about 1000 averages
for each time trace. Since LDV measurements arrive ran-
domly in time we binned the data evenly in time, using a
sample-hold technique, to perform the FFTs. The moduli
of the FFTs, jŷ

x

sk
y

dj2 and jŷ
y

sk
y

dj2 are proportional to
Eskd if the turbulence is isotropic and homogeneous [21].
Since jŷ

x

sk
y

dj2 and jŷ
y

sk
y

dj2 are nearly identical at high
wave numbers, we take the turbulence as isotropic. The
probability distribution functions for y

x

and y
y

also have
nearly identical widths. We deduce homogeneity from
spectra measured at different points between the combs.
In a region about 1y5 the channel width, along the chan-
nel center, the spectra do not deviate significantly from
one another.
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• Turbulence relies on nonlinearities

• Observed widely in nature

Soap films [M.A.Rutgers PRL 81 (1998)]

Motivations



Turbulence of strongly interacting QFTs?

• Focus on holographic QFTs with Einstein gravity duals


• Event horizons can behave like fluids, e.g.


• Horizon behaves as viscous membrane (asy. flat space)  
[Damour] [Price, Thorne, MacDonald] (1986)


• Shear viscosity of AdS black branes [Policastro, Son, Starinets 2001]


• One-to-one map between near-equilibrium black holes and solutions to 
relativistic viscous hydro [Bhattacharyya et al. 2007]


• Large D expansion [Emparan, Suzuki, Tanabe 2013] [Bhattacharyya, De, Minwalla, 
Mohan, Saha 2015]


• We may hope that turbulent universality is also seen

Motivations



Outline

• Motivations

• Turbulence & Kolmogorov 1941

• Large D limit of GR

• Results



• Statistical distributions of velocity field

• here: homogeneous and isotropic turbulence (HIT)


• pdf(   ) translation & rotation invariant

Turbulence 

observables:
• n-pt functions of     , averaged over realisations

• specialise to longitudinal ‘structure functions’

Sn = h|(~u(~x+ ~y)� ~u(~x)) · ŷ|ni

~u

~u

~u

• HIT =) Sn(|y|)
• Instead of       common to use velocity power spectrum

E(~k) = 4⇡k2
D
u~ku�~k

ES2

• measures how much KE in shell radius  |k|



Phenomenology (3+1)

✓
@

@t

� ⌫0
@

2

@x

2

◆
u

i = M

i
jku

j
u

k

generate 
vortices

|k|

E

kd ⇠ ⌫�3/4
0

‘direct 
cascade’

Energy transfer

• stationary distribution



Phenomenology (2+1)

generate 
vortices

|k|

E ‘inverse 
cascade’

(+direct cascade to UV)

IR 
(e.g. finite size effects)

• Quasi-stationary (up to IR effects)

• Stationarity typically achieved with a friction term



(Independent of number of dimensions)

Kolmogorov 1941 (‘K41’) 

⌫0, "
"

Similarity hypotheses
1. pdfs determined uniquely by

: energy transfer rate

2. viscous effects only influence high k

i.e.      an ‘inertial range’ where pdfs depend only on "9
Dimensional analysis

["] =
[v]2

[t]
=

[`]2

[t]3
[S2] =

[`2]

[t2]

=) S2(r) = C"2/3r2/3

or, E(k) = C"2/3k�5/3

Sn(r) = C"n/3rn/3
K41 also did 

commonly stated:

‘two-thirds law’

S3



• Directly solve Einstein equations numerically?

• no symmetries

• no characteristic scales

• black box problem


• Want analytic control


• GR has a dimensionless parameter: D

• perturbation theory in 1/D

• its a good idea for black holes (two clues)

• separation of scales

• construct a EFT


• Better control than hydrodynamics

K41 in holography 

r0 � r0/D



Take                   with        fixed

Large D limit of GR. Clue 1: localisation of potential 

ds

2 = �r

2
f(r)dt2 +

dr

2

r

2
f(r)

+ r

2
d~x

2

AdSd+1

H boundary

r

r = r0
r ! 1

d ! 1 r0

f(r) ! 1

Schwarzschild-

Vacuum AdS, corrections,

f(r) ! 1 +O(e�d
(r�r0)

r0 )

r0
d

⇢
Potential localised to thin strip near H

f(r) = 1�
⇣r0
r

⌘d

Radial gradients stronger than transverse gradients



Large D limit of GR. Clue 2: QNM spectrum 

H+

�� = �
nk

(r)eikx�i!nt

!n = O(d)0

!n = O(d)1
!n

Spectrum:

d ! 1

Decoupling between near-horizon and far zones

‘light’

‘heavy’ decoupled to 
all perturbative 

orders in 

1/d

⇢

··
·



Construction of large D EFT

1. Take boosted Schwarzschild metric              , depends on


2. Promote moduli to functions of boundary coords


3.                          doesn’t solve Einstein equations but,


4. Correct metric  


5. Can analytically solve radial evolution equations


6. And so on.

a, pi

a, p

i ! a(t, ~x), pi(t, ~x)

g0(t, r, ~x) +
1

d

g1(t, r, ~x)

error ⇠ 1/d

error ⇠ 1/d2

g0(r)

g0(t, r, ~x)

Only radial constraint equations remain



The radial constraints are,

• Depend only on the horizon/boundary directions
t, x

i

• Once solved, we have a full               black hole metric d+ 1

• Looks like non-relativistic hydro, but exact in gradients

(@t �r2)a = �r · p
(@t �r2)pi = �ria�rj

⇣
pipj

a

⌘

Comments:

Next: solve numerically and check K41 
(restrict to 2+1, work on a torus, ask me for details)

Construction of large D EFT



unstable 
initial 
data (movie)



•       : is a Wiener process that injects vorticity


• isotropic sum of k-modes with random amplitudes and phases


• Start from thermal equilibrium 

• Want quasi-stationary turbulence, need to drive.


• Follow traditions of NSE community,

Homogeneous Isotropic Driving

(@t �r2)a = �r · p
(@t �r2)pi = �ria�rj

⇣
pipj

a

⌘
+ Fi

Fi



Forcing 
Fi (movie)



• Power Spectrum (256 realisations)

k�5/3

logE



• Structure functions (256 realisations)



•      natural from a fluids community perspective


• We can also deform the CFT metric, e.g.


changes BVP in AdS


• Same equations with [Andrade, Pantelidou, BW 2018]


• But doesn’t directly inject vorticity!

• Regardless, we can find turbulent flows

• Quench a cylindrical           potential

Fi

gtt(t, ~x) = �1 +
�tt(t, ~x)

d

Fi =
a

2
ri�tt

�tt



Quenching
�tt (movie)



Summary & Outlook

• Sought universal dynamics in far from equilibrium strongly interacting matter


• Demonstrated K41 for black holes in AdS


• Microscopic model, no hydrodynamic limit used


•  

• Hydrodynamic limit: fluid-gravity duality works at any d

• K41 dimensional analysis is dimension independent

• Proof of principle of universal dynamics far from equilibrium


• Turbulent wakes for dragged obstacle

• instability of NESS?


• Turbulence:

• Large-d effective equations

• Similar to NSE but no gradient expansion

• Gradient-exact toy model with parametric control (1/d)

d ! 1

Thank you!


