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g9Y N~ Evidence for a Fermi-LiquM Behavior in YSaqcu3O6+

H. Alloul, T. Ohno, "and P. Mcndels
Physique des Solides, Uni Uersite de Paris-Sud, 91405 Orsay, I'rance

(Received 15 May 1989)

We report NMR shift hK and TI data of Y taken from 77 to 300 K in YBa2Cu366+ for
0.35 & x & 1, from the insulating to the metallic state. A Korringa law and therefore a Fermi-liquid pic-
ture is found to apply for the spin part K, of AIC. The spin contribution g, (x,T) to g is singled out, as
the T variation of BED scales linearly with the macroscopic susceptibility g . This implies that Cu(3d)
and G(2p) holes do not have independent degrees of freedom. Their hybridization, which has a o char-
acter, hardly varies with doping. These results put severe constraints on theoretical models of high-T,
cuprates.

PACS numbers: 74.70.Vy, 75.20.En, 76.60.Cq, 76.60.Es

The interplay between the magnetic properties of
Cu(3d) holes and the charge transport mediated by the
G(2p) holes is still a highly controversial question in
high-T; materials. While T~ nuclear-spin-lattice relaxa-
tion data on Y and Cu at the supcrconducting transi-
tion ' indicate that both hole systems are involved in the
superconducting pairing, some authors suggest that the
~rsistence of 20 antiferromagnetjtc spin Auctuations
above T, indicates that the Cu(3d) spins could somehow
be decoupled from thc charge transport mediated by the
G(2p) holes. This could result for instance from weak
Cu(3d)-G(2p) x bonding at the Fermi level. Such
ideas have recently led Johnston to attempt a partition
of the macroscopic susceptibility g in high-T, materials
into a T-dependent part attributed to the lattice of Cu
spins and a Pauli term associated with charge carriers.
In order to gain local insight on these properties, NMR
measurements are highly desirable. Y nuclei are direct
probes of the susceptibility of the Cu02 planes. We
report here. an extensive experimental study of both the
NMR shift Kg and the nuclear r'elaxation rate Ti of
Y, which allows for the erst time a direct comparison

of the static and dynamic susceptibilities in these materi-
als from thc metallic to the semiconducting state. These
results provide evidence that both K, and (T|T) ' are T
dependent in thc metallic state as soon as x departs from
unity. A Korringa relation between T~ T and K, is estab-
lished and indicates that a Fermi-liquid picture holds.
Our data suggest that this behavior might extend as well
into the semiconducting state. Further, K„which probes
the T dependence of g on the oxygen sites, ' is found to
scale with g, which is dominated by g on the copper
sites. ' Therefore the T variation of g should in no
case be attributed solely to the Cu + spins and Cu(3d)
and O(2p) holes do not have independent degrees of
freedom.
NMR data have taken on the same powdered ceramic

samples as in Ref. 7, which had been deoxygenated at
low T (—500'C) and immediately sealed in Pyrex vials
in a He atmosphere. Our initial x 1 sample (now la-
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FIG. 1. The shift hE of the Y line, referenced to YC13
plotted vs T, from 77 to 300 K. The lines are guides to the eye.

beled x- I —e) had been left about two weeks in air be-
fore being sealed and has probably lost some oxygen.
Samples kept now for more than one year in such vials
did not show any change in their properties. The posi-
tions ~ of the NMR line relative to a YC13 reference,
determined as in Ref. 7, are summarized in Fig. 1 for
samples with x &0.35 which arc not antifcrromagnetic
above 100 K. It can bc seen that AE is nearly T in-
dependent above T; only for x 1, in good agreement
with Cu NMR data, ' while a large-T variation of hE
is detected already for x 1 —e. Except for x =1, earlier
data reported above 150 K" agree with thc present re-
sults.
Let us recall here that the shift tensor AK(x) =a(x)
+K, (x) involves a chemical-shift contribution o(x) due
to ftBed electronic shells and a spin contribution K, (x)
due to the susceptibility on the G(2p) holes. Data on
oriented powders, to be reported elsewhere, ' confirm
that e is T independent, as might be expected from the
negligible T variation of the lattice parameters, and that
K, (x) is purely isotropic, as obtained indirectly from
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Quantum oscillations and the Fermi surface in an
underdoped high-Tc superconductor
Nicolas Doiron-Leyraud1, Cyril Proust2, David LeBoeuf1, Julien Levallois2, Jean-Baptiste Bonnemaison1,
Ruixing Liang3,4, D. A. Bonn3,4, W. N. Hardy3,4 & Louis Taillefer1,4

Despite twenty years of research, the phase diagram of high-
transition-temperature superconductors remains enigmatic1,2. A
central issue is the origin of the differences in the physical prop-
erties of these copper oxides doped to opposite sides of the super-
conducting region. In the overdoped regime, the material behaves
as a reasonably conventional metal, with a large Fermi surface3,4.
The underdoped regime, however, is highly anomalous and
appears to have no coherent Fermi surface, but only disconnected
‘Fermi arcs’5,6. The fundamental question, then, is whether under-
doped copper oxides have a Fermi surface, and if so, whether
it is topologically different from that seen in the overdoped
regime. Here we report the observation of quantum oscillations
in the electrical resistance of the oxygen-ordered copper oxide
YBa2Cu3O6.5, establishing the existence of a well-defined Fermi
surface in the ground state of underdoped copper oxides, once
superconductivity is suppressed by a magnetic field. The low oscil-
lation frequency reveals a Fermi surface made of small pockets, in
contrast to the large cylinder characteristic of the overdoped
regime. Two possible interpretations are discussed: either a small
pocket is part of the band structure specific to YBa2Cu3O6.5 or
small pockets arise from a topological change at a critical point
in the phase diagram. Our understanding of high-transition-
temperature (high-Tc) superconductors will depend critically on
which of these two interpretations proves to be correct.

The electrical resistance of two samples of ortho-II ordered
YBa2Cu3O6.5 was measured in a magnetic field of up to 62 T applied
normal to the CuO2 planes (Bjjc). (Sample characteristics and details
of the measurements are given in the Methods section.) With a Tc of
57.5 K, these samples have a hole doping per planar copper atom of
p 5 0.10, that is, they are well into the underdoped region of the
phase diagram (see Fig. 1a). Angle-resolved photoemission spec-
troscopy (ARPES) data for underdoped Na2 2 xCaxCu2O2Cl2 (Na-
CCOC) at precisely the same doping (reproduced in Fig. 1b from
ref. 6) shows most of the spectral intensity to be concentrated in a
small region near the nodal position (p/2, p/2), suggesting a Fermi
surface broken up into disconnected arcs, while ARPES studies on
overdoped Tl2Ba2CuO61d (Tl-2201) at p 5 0.25 reveal a large, con-
tinuous cylinder (reproduced in Fig. 1c from ref. 4).

The Hall resistance Rxy as a function of magnetic field is displayed
in Fig. 2 for sample A, and in Supplementary Fig. 1 for sample B, where
oscillations are clearly seen above the resistive superconducting trans-
ition. Note that a vortex liquid phase is believed to extend well above
the irreversibility field, beyond our highest field of 62 T, which may
explain why Rxy is negative at these low temperatures, as opposed to
positive at temperatures above Tc. Nevertheless, quantum oscillations
are known to exhibit the very same diagnostic characteristics of

frequency and mass in the vortex state as in the field-induced normal
state above the upper critical field Hc2(0) (for example, ref. 7). They are
caused by the passage of quantized Landau levels across the Fermi level
as the applied magnetic field is varied, and as such they are considered
the most robust and direct signature of a coherent Fermi surface. The
inset of Fig. 2 shows the 2 K isotherm and a smooth background curve.
We extract the oscillatory component, plotted in Fig. 3a as a function

1Département de physique and RQMP, Université de Sherbrooke, Sherbrooke, Canada J1K 2R1. 2Laboratoire National des Champs Magnétiques Pulsés (LNCMP), UMR CNRS-UPS-
INSA 5147, Toulouse 31400, France. 3Department of Physics and Astronomy, University of British Columbia, Vancouver, Canada V6T 1Z4. 4Canadian Institute for Advanced Research,
Toronto, Canada M5G 1Z8.
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Figure 1 | Phase diagram of high-temperature superconductors.
a, Schematic doping dependence of the antiferromagnetic (TN) and
superconducting (Tc) transition temperatures and the pseudogap crossover
temperature T* in YBCO. The vertical lines at p 5 0.1 and p 5 0.25 mark the
positions of copper oxide materials discussed in the text: ortho-II ordered
YBa2Cu3O6.5 and Na-CCOC, located well into the underdoped region, and
Tl-2201, well into the overdoped region, respectively. b, c, Distribution of
ARPES spectral intensity in one quadrant of the Brillouin zone, measured
(b), on Na-CCOC at p 5 0.1, and (c), on Tl-2201 at p 5 0.25 (reproduced
from ref. 6 and ref. 4, with permissions from K. M. Shen and A. Damascelli,
respectively). These respectively reveal a truncated Fermi surface made of
‘Fermi arcs’ at p 5 0.10, and a large, roughly cylindrical and continuous
Fermi surface at p 5 0.25. The red ellipse in b encloses an area Ak that
corresponds to the frequency F of quantum oscillations measured in YBCO.
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Figure 2. Schematic phase diagram of high Tc materials. The
antiferromagnet (AF) is rapidly destroyed by doped holes. The
d-wave superconductor is subject to strong phase fluctuations below
the dotted line, where the proliferation of vortices has been detected
by the Nernst effect. A pseudogap region extends up to high
temperatures in the underdoped region.

the Mott transition [16]. Amazingly it was discovered that
when the Mott insulator is destroyed, the system immediately
becomes a superconductor, before becoming a metal at even
higher pressure. Furthermore, the transition temperature
reaches 11.6 K, the highest known among the organics. There
is also strong evidence that these superconductors have d-wave
pairing symmetry [17].

I would argue that 11.6 K for an organic metal qualifies
it as an example of a high Tc superconductor! The reason
is that the electronic energy scale for organic solids is much
smaller than that for ordinary solids. For example, the hopping
matrix element t is about 0.05 eV compared with 0.4 eV for the
cuprates. Thus the ratio kBTc/t ! 1

40 is about the same for both
systems. To emphasize this point, in figure 3. I have put both
materials on the same phase diagram in the parameter space
U/t andx of the Hubbard model. Is the d-wave superconductor
that appears with doping connected with the one that appears
under pressure? We do not have the answer at present. My
point is that with so many ‘unconventional’ examples, our
mindset today should be different from that of 20 years ago, and
we should be more receptive to the idea that superconductivity
may be a highly competitive ground state in a pure repulsive
model such as the Hubbard model.

With that remark let us return to the cuprates and examine
the phase diagram in more detail. The region between the
disappearance of AF and the onset of superconductivity is
complicated by disorder effects, even though heroic efforts
to make pure samples of YBCO have yielded interesting new
information [18]. We shall not discuss this region further. The
regions of the phase diagram with doping to the left and right
of optimal is called underdoped and overdoped, respectively.
The metallic state above Tc in the underdoped region has been
under intense study and exhibits many unusual properties not
encountered before in any other metal. This is shown below
the dashed line in figure 2 and has been called the pseudogap
phase. It is not a well defined phase in that a definite finite
temperature phase boundary has never been found, so the
dashed line should be regarded as a cross-over. There is now

Figure 3. Location of high Tc cuprates and organic superconductors
in the Hubbard model phase diagram. At half-filling, the
antiferromagnetic insulator onsets when U/t exceeds a critical value
Uc/t , where the Mott transition occurs. High Tc superconductivity
occurs when holes are doped into the Mott insulator over a
concentration range between 6% and 25%. In certain organic
compounds, 12 K superconductivity lives on the boundary between
the Mott insulator and the metal. The ratio kBTc/t is about 1

40 for
both systems. Whether the two superconducting regions are
connected is not known and indicated by the question mark.

broad agreement that the high Tc problem is synonymous with
that of doping of a Mott insulator. It then makes sense to focus
on the underdoped region, where the battle line between Mott
insulator and superconductivity is drawn.

Since we are interested in the case where U is sufficiently
large compared with t for the Hubbard model to be in the Mott
insulator phase, it is useful to expand in t/U . The leading
order result is the t–J model

H = P

!

"
#

"ij#,!
tij c

†
i! cj! + J

#

"ij#

$
Si · Sj $ 1

4
ninj

%&

' P. (2)

The second term is the AF Heisenberg exchange between
local spins Si = 1

2c†
i"!"#ci# discussed earlier. The nontrivial

part of the t–J model resides in the projection operator
P which restricts the Hilbert space to exclude the doubly
occupied states. The strong Coulomb repulsion now becomes
a constraint of no double occupation. Compared with the
Hubbard model, the Hilbert space is reduced from four states
per site to three, namely, spin up, spin down or empty. The
parameters of the t–J model appropriate for the cuprates is
also well established. J % 0.13 eV–1500 K, t/J % 3 and t &/t

is negative, of order $0.2, and is believed to vary somewhat
from compound to compound [19].

Equations (1) and (2) are deceptively simple looking
Hamiltonians which have defied accurate numerical or analytic
solution. Nevertheless, the belief among many workers in
the field is that they contain the rich physics of the high
Tc phase diagram. The situation is not unlike quantum
chromodynamics (QCD), where the Lagrangian is known, but
precise understanding of confinement and the mass spectrum
has just begun to emerge from quantum Monte Carlo after
decades of hard work. To make matters worse, the high Tc

problem at finite doping is analogous to the QCD problem with
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finite quark density [20], where accurate numerical solution
is so far not possible due to the fermion sign problem. On
the other hand, unlike the quark-gluon problem the high Tc

problem has a lot more experimental constraint and input. As
a result we know a lot about the high Tc phenomenology which
severely limits the theoretical options.

2. Simple physical picture and the pseudogap
phenomenology

Let us start with some simple common sense arguments to gain
some insight into the nature of the problem of a doped Mott
insulator. Consider a single hole hoping in an AF background
as shown in figure 1. After one hop we find a spin surrounded
by ferromagnetic neighbours, costing an energy of 3

2J from the
three ferromagnetic bonds if the spins are treated as classical
S = 1

2 . There is a competition between the exchange energy
J and the desire of the hole to hop in order to gain the kinetic
energy t per hole. For large enough doping the kinetic energy
wins and we expect a metallic state with some short range
AF correlation. By comparing xt and J , we expect this to onset
at x ! J/t ! 1

3 , in good agreement with the experimental
finding. This state should be a Fermi liquid state. There is a
powerful theorem in Landau–Fermi liquid theory, commonly
called the Luttinger theorem [21], which states that the area of
the Fermi surface is the same as that of free fermions, i.e. it
is determined by the total density of electrons in the unit cell.
In our case the area is 1

2 (1 " x)ABZ where ABZ = (2!/a)2

is the area of the Brillouin zone (BZ). This is exactly what is
found experimentally. In figure 4(d) we show an example of
the measured Fermi surface. The precise shape can be fitted
with a hopping model with further neighbour hopping.

The opposite limit of a few holes (x # 1) hopping
in an AF background is less trivial, but by now reasonably
well understood. The competition with the AF exchange
causes the effective hopping matrix element to be renormalized
downward from t to J [22–24]. The quasiparticle nevertheless
manages to form coherent bands. The bands have minima at
(± !

2a
, ± !

2a
) [25]. With finite doping the Fermi surfaces are

ellipses centred at (± !
2a

, ± !
2a

) as shown in figure 4(a). Note
that the unit cell is doubled because of AF ordering and the
BZ is reduced to the diamond in figure 4(a). Applying the
Luttinger theorem to the doubled unit cell, the total area of
the Fermi surface in the reduced BZ is now (1 " x)ARBZ

where ARBZ = 1
2ABZ. Therefore we conclude that the area

of each ellipse (hole pocket) is x
4 ABZ. Physically it makes

sense that transport properties are determined only by x carriers
occupying small Fermi pockets. The theory of a few holes in
AF background is quite well developed, and recently papers
applying the effective field theory approach borrowed from the
particle physics literature are particularly notable [26, 27].

We have good understanding of x # 1 and x ! 1
3 .

What happens in between? Here we run into a dilemma.
We know that AF order is destroyed for x ! 0.03, beyond
which points we have no indication of unit cell doubling. If
Fermi liquid theory were to hold, what would happen to the
Luttinger theorem? Recall that the nice physical picture of
small hole pockets rely on the unit cell doubling. Once that

(e)

Figure 4. (a) Fermi pockets in a doped AF. The dashed lines
indicate the reduced Brillouin zone due to the unit cell doubling of
the AF. (b) Fermi surface of a tight binding model with first and
second nearest-neighbour hopping. (c) Schematic picture of the
Fermi arcs. The excitations are gapless when path A crosses the arc
but are gapped everywhere along path B. (d) Experimental data
showing the Fermi surface in overdoped Tl-2201 (x = 0.25).
Colours indicate the intensity of low energy excitations. Data from
Platé et al [33]. (e) Experimental data showing the Fermi arc in one
quadrant of (c) in underdoped Na2"xCaxCu2O2Cl2 (x = 0.1). Data
from Shen et al [34].

is absent, the Luttinger theorem forces us to have a ‘large’
Fermi surface, i.e. one with area proportional to 1 " x. In
that case it will be difficult to see how transport properties
will continue to look as if it is given by x holes. We note
that while the original derivation of the Luttinger theorem was
perturbative in the interaction strength, the modern derivation
by Oshikawa [28, 29] is a topological one and relies on very
few assumptions, not much beyond the statement that well
defined quasiparticles exist. In principle, the Fermi liquid can
develop a heavy mass $ 1

x
so that the conductivity spectral

weight n/m% $ x, but experimentally there is no evidence
of such heavy mass formation. Parenthetically we point out
that the three dimensional example of doped Mott insulator
La2"xSrxTiO3 appears to take the heavy mass route [30].

It turns out that Nature solves this problem in an extremely
clever and unexpected way. As far as the ground state is
concerned, the question is moot because it appears that once
AF is destroyed the system becomes superconducting and the
Luttinger theorem cannot be applied. What about the normal
state above the superconducting Tc? The extensive work
using angle resolved photoemission spectroscopy (ARPES)
has shown that the gapless excitations lie on an arc [31, 32].
Anywhere apart from the arc, the excitations are gapped.

This situation is sufficiently strange that it requires a bit
more explanation in terms of the experimental observation.
ARPES measures the spectrum of occupied electron states

4
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Colours indicate the intensity of low energy excitations. Data from
Platé et al [33]. (e) Experimental data showing the Fermi arc in one
quadrant of (c) in underdoped Na2"xCaxCu2O2Cl2 (x = 0.1). Data
from Shen et al [34].
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Fermi surface, i.e. one with area proportional to 1 " x. In
that case it will be difficult to see how transport properties
will continue to look as if it is given by x holes. We note
that while the original derivation of the Luttinger theorem was
perturbative in the interaction strength, the modern derivation
by Oshikawa [28, 29] is a topological one and relies on very
few assumptions, not much beyond the statement that well
defined quasiparticles exist. In principle, the Fermi liquid can
develop a heavy mass $ 1
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weight n/m% $ x, but experimentally there is no evidence
of such heavy mass formation. Parenthetically we point out
that the three dimensional example of doped Mott insulator
La2"xSrxTiO3 appears to take the heavy mass route [30].

It turns out that Nature solves this problem in an extremely
clever and unexpected way. As far as the ground state is
concerned, the question is moot because it appears that once
AF is destroyed the system becomes superconducting and the
Luttinger theorem cannot be applied. What about the normal
state above the superconducting Tc? The extensive work
using angle resolved photoemission spectroscopy (ARPES)
has shown that the gapless excitations lie on an arc [31, 32].
Anywhere apart from the arc, the excitations are gapped.
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finite quark density [20], where accurate numerical solution
is so far not possible due to the fermion sign problem. On
the other hand, unlike the quark-gluon problem the high Tc

problem has a lot more experimental constraint and input. As
a result we know a lot about the high Tc phenomenology which
severely limits the theoretical options.

2. Simple physical picture and the pseudogap
phenomenology

Let us start with some simple common sense arguments to gain
some insight into the nature of the problem of a doped Mott
insulator. Consider a single hole hoping in an AF background
as shown in figure 1. After one hop we find a spin surrounded
by ferromagnetic neighbours, costing an energy of 3

2J from the
three ferromagnetic bonds if the spins are treated as classical
S = 1

2 . There is a competition between the exchange energy
J and the desire of the hole to hop in order to gain the kinetic
energy t per hole. For large enough doping the kinetic energy
wins and we expect a metallic state with some short range
AF correlation. By comparing xt and J , we expect this to onset
at x ! J/t ! 1

3 , in good agreement with the experimental
finding. This state should be a Fermi liquid state. There is a
powerful theorem in Landau–Fermi liquid theory, commonly
called the Luttinger theorem [21], which states that the area of
the Fermi surface is the same as that of free fermions, i.e. it
is determined by the total density of electrons in the unit cell.
In our case the area is 1

2 (1 " x)ABZ where ABZ = (2!/a)2

is the area of the Brillouin zone (BZ). This is exactly what is
found experimentally. In figure 4(d) we show an example of
the measured Fermi surface. The precise shape can be fitted
with a hopping model with further neighbour hopping.

The opposite limit of a few holes (x # 1) hopping
in an AF background is less trivial, but by now reasonably
well understood. The competition with the AF exchange
causes the effective hopping matrix element to be renormalized
downward from t to J [22–24]. The quasiparticle nevertheless
manages to form coherent bands. The bands have minima at
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) [25]. With finite doping the Fermi surfaces are
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) as shown in figure 4(a). Note
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BZ is reduced to the diamond in figure 4(a). Applying the
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the Fermi surface in the reduced BZ is now (1 " x)ARBZ

where ARBZ = 1
2ABZ. Therefore we conclude that the area
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4 ABZ. Physically it makes

sense that transport properties are determined only by x carriers
occupying small Fermi pockets. The theory of a few holes in
AF background is quite well developed, and recently papers
applying the effective field theory approach borrowed from the
particle physics literature are particularly notable [26, 27].

We have good understanding of x # 1 and x ! 1
3 .

What happens in between? Here we run into a dilemma.
We know that AF order is destroyed for x ! 0.03, beyond
which points we have no indication of unit cell doubling. If
Fermi liquid theory were to hold, what would happen to the
Luttinger theorem? Recall that the nice physical picture of
small hole pockets rely on the unit cell doubling. Once that
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Fig. 1: Cuprate temperature-doping phase diagram. Long-range antiferromagnetic order (solid 

green line) gives way to superconductivity (solid blue line) near  = 0.05. Orange diamonds 

designate dopings where quantum oscillations have been observed previously[52, 53], and 

stars denote the new dopings presented in this paper. Short-range antiferromagnetic order 

(green diamonds) terminates at a quantum critical point at  = 0.08 [46, 54]; beyond 

 = 0.08, short-range charge order onsets above ܶ (solid black diamonds [15, 27]). The 

charge order, the onset of the pseudogap (as defined by neutron spin-flip scattering (open red 

circles)[12], the polar Kerr effect (open red diamonds[13]), and the change in the slope of 

resistivity with temperature (open red triangles[55])) terminate near  = 0.18, suggesting the 

possibility of a quantum critical point at this doping. Two thermodynamic quantities show 

enhancement near the critical dopings: the jump in the specific heat at ܶ(ȟߛ, maroon 

diamonds [40, 41]), and the upper critical field (ܪଶ, purple points [39]). 
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The context : doping a Mott insulator 

with tpd and Ep!Ed! can be understood in terms of an
effective one-band model, and we shall follow this route.
The essential insight is that the doped hole resonates on
the four oxygen sites surrounding a Cu and the spin of
the doped hole combines with the spin on the Cu to
form a spin singlet. This is known as the Zhang-Rice
singlet "Zhang and Rice, 1988!. This state is split off by
an energy of order tpd

2 / "Ep!Ed! because the singlet gains
energy by virtual hopping. On the other hand, the
Zhang-Rice singlet can hop from site to site. Since the
hopping is a two-step process, the effective hopping in-
tegral t is also of order tpd

2 / "Ep!Ed!. Since t is the same
parametrically as the binding energy of the singlet, the
justification of this point of view relies on a large nu-
merical factor for the binding energy, which is obtained
by studying small clusters.

By focusing on the low-lying singlet, the hole-doped
three-band model simplifies to a one-band tight-binding
model on the square lattice, with an effective nearest-
neighbor hopping integral t given earlier and with Ep
!Ed playing a role analogous to U. In the large Ep!Ed
limit this maps onto the t-J model,

H = P#! $
%ij&,!

tijci!
† ci! + J$

%ij&
"Si · Sj ! 1

4ninj!'P . "2!

Here the ci!
† is the usual fermion creation operator on

site i, ni="!ci!
† c! is the number operator, and P is a

projection operator restricting the Hilbert space to ex-
clude double occupancy of any site. J is given by 4t2 /U
and we can see that it is the same functional form as that
of the three-band model described earlier. It is also pos-
sible to dope with electrons rather than holes. The typi-
cal electron-doped system is Nd2!xCexCuO4+# "NCCO!.
The added electron corresponds to the removal of a hole
from the copper site in the hole picture "Fig. 2!, i.e., the
Cu ion is in the d10 configuration. This vacancy can hop
with a teff and the mapping to the one-band model is
more direct than the hole-doped case. Note that in the
full three-band model, the object which is hopping is the
Zhang-Rice singlet for hole doping and the Cu d10 con-
figuration for electron doping. These have rather differ-
ent spatial structure and are physically quite distinct. For
example, the strength of their coupling to lattice distor-
tions may be quite different. When mapped to the one-
band model, the nearest-neighbor hopping t has the
same parametric dependence but could have a different
numerical constant. As we shall see, the value of t de-
rived from cluster calculations turns out to be surpris-
ingly similar for electron and hole doping. For a bipar-
tite lattice, the t-J model with nearest-neighbor t has
particle-hole symmetry because the sign of t can be ab-
sorbed by changing the sign of the orbital on one sub-
lattice. Experimentally the phase diagram exhibits
strong particle-hole asymmetry. On the electron-doped
side, the antiferromagnetic insulator survives up to a
much higher doping concentration "up to x(0.2! and
the superconducting transition temperature is quite low
"about 30 K!. Many of the properties of the supercon-
ductor resemble that of the overdoped region of the

hole-doped side and pseudogap phenomenon, which is
prominent in the underdoped region, is not observed
with electron doping. It is as though the greater stability
of the antiferromagnet has covered up any anomalous
regime that might exist otherwise. Precisely why is not
clear at the moment. One possibility is that polaron ef-
fects may be stronger on the electron-doped side, lead-
ing to carrier localization over a broader range of dop-
ing. There has been some success in modeling the
contrast in the single-hole spectrum by introducing
further-neighbor coupling into the one-band model,
which breaks the particle-hole symmetry "Shih et al.,
2004!. This will be discussed further below.

We conclude that the electron correlation is strong
enough to produce a Mott insulator at half-filling. Fur-
thermore, the one-band t-J model captures the essence
of the low-energy electronic excitations of the cuprates.
Particle-hole asymmetry may be accounted for by in-
cluding further-neighbor hopping t!. This point of view
has been tested extensively by Hybertson et al. "1990!
who used ab initio local-density-functional theory to
generate input parameters for the three-band Hubbard
model and then solved the spectra exactly on finite clus-
ters. The results were compared with the low-energy
spectra of the one-band Hubbard model and the t-t!-J
model. They found an excellent overlap of the low-lying
wave functions for both the one-band Hubbard and the
t-t!-J model and were able to extract effective param-
eters. They found J to be 128±5 meV, in excellent
agreement with experimental values. Furthermore, they
found t(0.41 and 0.44 eV for electron and hole doping,
respectively. The near particle-hole symmetry in t is sur-
prising because the underlying electronic states are very
different in the two cases, as already discussed. Based on
their results, the commonly used parameter J / t for the
t-J model is 1 /3. They also found a significant next-
nearest-neighbor t! term, again almost the same for elec-
tron and hole doping.

More recently, Andersen et al. "1996! pointed out that
in addition to the three-band model an additional Cu 4s
orbital has a strong influence on further-neighbor hop-
ping t! and t", where t! is the hopping across the diagonal
and t" is hopping to the next-nearest neighbor along a
straight line. Recently Pavarini et al. "2001! emphasized
the importance of the apical oxygen in modulating the
energy of the Cu 4s orbital and found a sensitive depen-
dence of t! / t on the apical oxygen distance. They also
pointed out an empirical correlation between optimal Tc
and t! / t. As we shall discuss in Secs. VI.D and VII, t!
may play an important role in determining Tc and in
explaining the difference between electron and hole
doping. However, in view of the fact that on-site repul-
sion is the largest energy scale in the problem, it would
make sense to begin our modeling of the cuprates with
the t-J model and ask to what extent the phase diagram
can be accounted for. As we shall see, even this is not a
simple task and will constitute the major thrust of this
review.
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work by C. P. Slichter and early transport measurements
by N. P. Ong among others. Discussions of stripe physics
were recently given by Carlson et al. !2003" and Kivelson
et al. !2003". A discussion of spin-liquid states is given by
Sachdev !2003", with an emphasis on dimer order and by
Wen !2004", with an emphasis on quantum order. For an
account of experiments and early RVB theory, see the
book by Anderson !1997".

II. BASIC ELECTRONIC STRUCTURE OF THE CUPRATES

It is generally agreed that the physics of high-Tc su-
perconductivity is that of the copper-oxygen layer, as
shown in Fig. 2. In the parent compound such as
La2CuO4, the formal valence of Cu is 2+, which means
that its electronic state is in the d9 configuration. The
copper is surrounded by six oxygens in an octahedral
environment !the apical oxygen lying above and below
Cu are not shown in Fig. 2". The distortion from a per-
fect octahedron due to the shift of the apical oxygens
splits the eg orbitals so that the highest partially occu-
pied d orbital is x2!y2. The lobes of this orbital point
directly to the p orbital of the neighboring oxygen, form-
ing a strong covalent bond with a large hopping integral
tpd. As we shall see, the strength of this covalent bonding
is responsible for the unusually high energy scale for the
exchange interaction. Thus the electronic state of the
cuprates can be described by the so-called three-band
model, where in each unit cell we have the Cu dx2!y2

orbital and two oxygen p orbitals !Emery, 1987; Varma
et al., 1987". The Cu orbital is singly occupied while the p
orbitals are doubly occupied, but these are admixed by

tpd. In addition, admixtures between the oxygen orbitals
may be included. These tight-binding parameters may
be obtained by fits to band-structure calculations !Mat-
theiss, 1987; Yu et al., 1987". However, the largest energy
in the problem is the correlation energy for doubly oc-
cupying the copper orbital. To describe these correlation
energies, it is more convenient to refer to the hole pic-
ture. The Cu d9 configuration is represented by energy
level Ed occupied by a single hole with S= 1

2 . The oxygen
p orbital is empty of holes and lies at energy Ep, which is
higher than Ed. The energy to doubly occupy Ed !lead-
ing to a d8 configuration" is Ud, which is very large and
can be considered infinity. The lowest-energy excitation
is the charge-transfer excitation in which the hole hops
from d to p with amplitude !tpd. If Ep!Ed is sufficiently
large compared with tpd, the hole will form a local mo-
ment on Cu. This is referred to as a charge-transfer in-
sulator in the scheme of Zaanen et al. !1985". Essentially,
Ep!Ed plays the role of the Hubbard U in the one-band
model of the Mott insulator. Experimentally an energy
gap of 2.0 eV is observed and interpreted as the charge-
transfer excitation !see Kastner et al., 1998".

Just as in the one-band Mott-Hubbard insulator in
which virtual hopping to doubly occupied states leads to
an exchange interaction JS1 ·S2, where J=4t2 /U, in the
charge-transfer insulator the local moments on nearest-
neighbor Cu prefer antiferromagnetic alignment be-
cause both spins can virtually hop to the Ep orbital. Ig-
noring the Up for doubly occupying the p orbital with
holes, the exchange integral is given by

J =
tpd
4

!Ep ! Ed"3 . !1"

The relatively small size of the charge-transfer gap
means that we are not deep in the insulating phase and
the exchange term is expected to be large. Indeed ex-
perimentally the insulator is found to be in an antiferro-
magnetic ground state. By fitting Raman scattering to
two magnon excitations !Sulewsky et al., 1990", the ex-
change energy is found to be J=0.13 eV. This is one of
the largest exchange energies known. !It is even larger in
the ladder compounds which involve the same Cu-O
bonding." This value of J is confirmed by fitting the spin-
wave energy to theory, in which an additional ring ex-
change term is found !Coldea et al., 2001".

By substituting divalent Sr for trivalent La, the elec-
tron count on the Cu-O layer can be changed in a pro-
cess called doping. For example, in La2!xSrxCuO4, x
holes per Cu are added to the layer. As seen in Fig. 2,
due to the large Ud the hole will reside on the oxygen p
orbital. The hole can hop via tpd, and due to transla-
tional symmetry the holes are mobile and form a metal,
unless localization due to disorder or some other phase
transition intervenes. The full description of hole hop-
ping in the three-band model is complicated, and a num-
ber of theories consider this essential to the understand-
ing of high-Tc superconductivity !Emery, 1987; Varma et
al., 1987". On the other hand, there is strong evidence
that the low-energy physics !on a scale small compared

FIG. 2. !Color online" Electronic structure of the cuprates. !a"
Two-dimensional copper-oxygen layer !left" simplified to the
one-band model !right". !b" The copper d and oxygen p orbit-
als in the hole picture. A single hole with S=1/2 occupies the
copper d orbital in the insulator.
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Figure 3. Phase diagram of the cuprates (x is the hole doping). AF is the antiferromagnetic
insulator. The dotted line is a crossover line between the normal metal phase and the pseudogap
phase.

takes up a small sliver (figure 3) of the phase diagram (in the electron doped case, though, the
magnetism exists over a much larger doping range). So, in that sense, Anderson’s intuition
was quite good.

For dopings beyond a few per cent, the system either enters a messy disordered phase
exhibiting spin glass behaviour (as in LSCO) before superconducting order sets in, or
immediately goes to the superconducting phase (as in YBCO). The superconducting transition
monotonically rises with doping, reaching a maximum at about 16% doping, after which Tc

declines to zero. The net effect is to form a superconducting ‘dome’ that extends from about
5% to 25% doping.

At first sight, the superconducting phase is not so different from that of classical
superconductors. We know that it exhibits a zero resistance state with a Meissner effect.
Experiments show that the superconducting objects have charge 2e, and thus pairs are formed.
What is unusual, though, is the small coherence length. For typical superconductors, the
coherence length is quite large, usually several hundred Å or more. This is in contrast
to magnets, which have coherence lengths that are quite small. Therefore, for most
superconductors we know, mean field theory works extremely well, as opposed to magnets
where it almost always fails. But cuprates exhibit small coherence lengths, of the order
of 20 Å in the plane, and a paltry 2 Å between planes. The latter is so small that the
cuprates are essentially composed of Josephson coupled planes, as has been experimentally
verified by a number of groups [35]. Such coupling is necessary, of course, since long range
superconducting order cannot occur in two dimensions (except in the Kosterlitz–Thouless
phase, whose existence in the cuprates is still debated [36]).

Another unusual finding is the symmetry of the order parameter (figure 4). For many years,
it was felt that the order parameter probably had s-wave symmetry. There was no evidence
from thermodynamic measurements for nodes in the gap as in heavy fermion superconductors,
except for an early report of a non-exponential temperature dependence of the Knight shift
[37]. Also, the cuprates were viewed as quite disordered (doping being achieved by chemical
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state for the S = 1
2 antiferromagnetic Heisenberg model

on a triangular lattice. The triangular lattice is of special
interest because an Ising-like ordering of the spins is frustrated.
Subsequently, it was decided that the ground state forms a!

3 "
!

3 superlattice where the moments lie on the same
plane and form 120# angles between neighbouring sites [42].

Soon after the discovery of high Tc superconductors,
Anderson [3] revived the RVB idea and proposed that with the
introduction of holes the Néel state is destroyed and the spins
form a superposition of singlets. The vacancy can hop in the
background of what he envisioned as a liquid of singlets and a
better compromise between the hole kinetic energy and the spin
exchange energy may be achieved. Many elaborations of this
idea followed, but here we argue that the basic physical picture
described above gives a simple account of the pseudogap
phenomenon. The singlet formation explains the decrease of
the uniform spin susceptibility. The vacancies are responsible
for transport in the plane. The conductivity spectral weight
in the ab plane is given by the hole concentration x and is
unaffected by the singlet formation. On the other hand, for
c-axis conductivity, an electron is transported between planes.
Since an electron carries spin 1

2 , it is necessary to break a
singlet. This explains the gap formation in !c(") and the
energy scale of this gap should be correlated with that of the
uniform susceptibility. In photoemission, an electron leaves
the solid and reaches the detector, the pull-back of the leading
edge simply reflects the energy cost to break a singlet.

A second concept associated with the RVB idea is the
notion of spinons and holons, and spin charge separations.
Anderson postulated that the spin excitations in an RVB state
are S = 1

2 fermions which he called spinons. This is in contrast
to excitations in a Néel state which areS = 1 magnons orS = 0
gapped singlet excitations.

Initially the spinons are suggested to form a Fermi surface,
with Fermi volume equal to that of 1 $ x fermions [43]. Later
it was proposed that the Fermi surface is gapped to form a
d-wave type structure, with the maximum gap near (0, #) [44].
This k dependence of the energy gap is needed to explain the
momentum dependence observed in photoemission.

The concept of spinons is a familiar one in one-
dimensional spin chains where they are well understood to
be domain walls. In two dimensions the concept is a novel one
which does not involve domain walls. Instead, a rough physical
picture is as follows. If we assume a background of short range
singlet bonds, forming the so-called short range RVB state,
a cartoon of the spinon is shown in figure 5. If the singlet
bonds are ‘liquid,’ two S = 1

2 formed by breaking a single
bond can drift apart, with the liquid of singlet bonds filling in
the space between them. They behave as free particles and are
called spinons. The concept of holons follows naturally [45]
as the vacancy left over by removing a spinon. A holon carries
charge e but no spin.

4. Projected wavefunction, slave boson and the
gauge theory formulation of the RVB picture

Is there any calculated tool or mathematical formalism to put
some meat into the physical picture of RVB described in the

Figure 5. A cartoon representation of the RVB liquid or singlets.
The solid bond represents a spin singlet configuration and the circle
represents a vacancy. In (b) an electron is removed from the plane in
photoemission or c-axis conductivity experiment. This necessitates
the breaking of a singlet.

last section? As far as computation is concerned, the use of
the projected wavefunction has enjoyed considerable success.
The idea is to write down a trial wavefunction of the type

$ = PG%, (3)

where PG =
!

i (1$ni%ni&) is called the Gutzwiller projection
and % is any Hartree Fock or BCS wavefunction, usually
suggested by mean field theory described below. The role
of the Gutzwiller projection is to remove all doubly occupied
states in %. Equation (3) is a suitable variational wavefunction
for the t–J model because the constraint is satisfied by
definition, and its expectation values and correlation functions
can be computed by efficient Monte Carlo algorithms [46,47].
The mean field parameters can be treated as variational
parameters. The projection wavefunction gives excellent
ground state energy and sublattice magnetization at half-filling,
capturing the important quantum fluctuations of the Néel
ordered state. With doping it predicted correctly the d-wave
pairing ground state [48], even though the prediction of the
co-existence of superconductivity with AF up to x ' 0.11
is not in agreement with experiment. Putting aside the
question of whether it is the ground state, a comparison of
the physical properties of the projected d-wave pairing states
with a variety of experiments was successfully made [49]. The
trial wavefunction can be further improved by the Lanczos
method of repeatedly hitting it with the Hamiltonian. There
is some controversy as to whether the ground state of the
t–J model with nearest-neighbour hopping only is a d-wave
superconductor [50, 51], but it is clear that superconductivity
is a highly competitive state, as found by other numerical
methods such as density matrix renormalization group [52],
cluster dynamical mean field theory [53] and variational cluster
approximation [54,55]. Recently it was found that introduction
of t ( considerably stabilizes the d-wave superconducting state
[56]. At present, I would say that there is strong numerical
evidence that the d-wave superconductor is a strong contender
for the ground state of the t–J model.

What about analytic theory and where does the mean
field % come from? A useful method is called the Gutzwiller
approxmation, which imposes the constraint approximately by
treating the available configuration for hopping and exchange
in a statistical basis [57]. This is clearly related to the
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slave-boson method which we discus below. The slave-
boson method was developed for the Kondo problem [58, 59]
It has enjoyed great success as the best way to understand
the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
thousand times the free electron mass [60]. The idea is to write
the electron operator as a product of the boson and fermion
which carries the spin index

c†
i! = f †

i!bi (4)

with the condition

f †
i!fi! + f †

i"fi" + b†
i bi = 1. (5)

This constraint can be enforced with a Lagrangian multiplier"i.
Note that equation (4) is not an operator identity and the right-
hand side does not satisfy the fermion commutation relation.
Rather, the requirement is that both sides have the correct
matrix elements in the reduced Hilbert space with no doubly
occupied states. For example, the Heisenberg exchange term
is written in terms of f †

i! , fi! only [43]

Si · Sj = # 1
4f †

i!fj!f †
j#fi# # 1

4 (f †
i!f †

j" # f †
i"f †

j!)

$ (fj"fi! # fj!fi") + 1
4 (f †

i$fi$). (6)

We then decouple the exchange term in both the particle–hole
and particle–particle channels via the Hubbard–Stratonovich
(HS) transformation.

Then the partition function is written in the form

Z =
!

Df Df †DbD"D%D& exp
"

#
! #

0
d'L1

#
, (7)

where
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&
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&ij(f

†
i!f †

j" # f †
i"f †

j!) + c.c.

)

*

+
$

i

b'
i ((' # i"i + µB)bi #

$

ij

tijbib
'
j f

†
i!fj! , (8)

with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
$

!

%f †
i!fj! &, (9)

&ij = %fi!fj" # fi"fi!&. (10)

Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem
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principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
$

!

%f †
i!fj! &, (9)

&ij = %fi!fj" # fi"fi!&. (10)

Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem

7

Rep. Prog. Phys. 71 (2008) 012501 P A Lee

slave-boson method which we discus below. The slave-
boson method was developed for the Kondo problem [58, 59]
It has enjoyed great success as the best way to understand
the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
thousand times the free electron mass [60]. The idea is to write
the electron operator as a product of the boson and fermion
which carries the spin index

c†
i! = f †

i!bi (4)

with the condition

f †
i!fi! + f †

i"fi" + b†
i bi = 1. (5)

This constraint can be enforced with a Lagrangian multiplier"i.
Note that equation (4) is not an operator identity and the right-
hand side does not satisfy the fermion commutation relation.
Rather, the requirement is that both sides have the correct
matrix elements in the reduced Hilbert space with no doubly
occupied states. For example, the Heisenberg exchange term
is written in terms of f †

i! , fi! only [43]

Si · Sj = # 1
4f †

i!fj!f †
j#fi# # 1

4 (f †
i!f †

j" # f †
i"f †

j!)

$ (fj"fi! # fj!fi") + 1
4 (f †

i$fi$). (6)

We then decouple the exchange term in both the particle–hole
and particle–particle channels via the Hubbard–Stratonovich
(HS) transformation.

Then the partition function is written in the form

Z =
!

Df Df †DbD"D%D& exp
"

#
! #

0
d'L1

#
, (7)

where

L1 = J̃
$

%ij&
(|%ij|2 + |&ij|2) +

$

i!

f †
i! ((' # i"i)fi!

# J̃

%

&
$

%ij&
%'

ij

'
$

!

f †
i!fj!

(

+ c.c.

)

*

+ J̃

%

&
$

%ij&
&ij(f

†
i!f †

j" # f †
i"f †

j!) + c.c.

)

*

+
$

i

b'
i ((' # i"i + µB)bi #

$

ij

tijbib
'
j f

†
i!fj! , (8)

with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
$

!

%f †
i!fj! &, (9)

&ij = %fi!fj" # fi"fi!&. (10)

Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
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II. THE MODEL LAGRANGIAN

We shall begin with the t-J model defined on a square
lattice

H = t g c, c +J—g(S; S ——,'n;n ), (2.1)
i,j,o. I& J

where S;= ,'c, tr ttc;&, n—;=g c; c, , and the sum over ij
is over the nearest neighbor. Equation (2.1) is subject to
the important constraint that a given site cannot be occu-
pied by more than one electron. The constraint is con-
veniently implemented using the slave-boson
method

c, =f;b; (2.2)

where, is a fermion operator that carries the spin label
and b, is a boson operator that can be interpreted as
creating a vacancy. The constraint of no double occu-
pancy is now replaced by

gf; f; +b, b, =l, (2.3)
t, o

which can be implemented in a functional integral formu-
la over a complex b field and a Grassmann f field with
the integration over an additional field A.; on each site,

Z = fd A,; db; db;*df; df;* exp —f (Xo+H)dr0

tivity. ' It would seem a hopeless task to determine
from first principles which of the many proposed solu-
tions is realized as a solution to the t-J model. In this pa-
per we set for ourselves a rather more modest goal. We
want to ask the question: Given a mean-field solution
and by including fluctuations around it, can we obtain a
description of physical quantities which are consistent
with the rather severe constraints set by experiments?
Baskaran and Anderson ' recognized that fluctua-

tions about the RVB mean-field solution are naturally
gauge theories. This point was elaborated in a paper by
Ioffe and Larkin, and we shall draw heavily from the re-
sults of this work. We find that, even though the spin
and charge degrees of freedom are separated on the
mean-field level, they are strongly coupled by the gauge
field. In order to reproduce the photoemission data, we
need a mean-field theory with a spinon Fermi surface
which obeys Luttinger's theorem. This leads us to con-
sider the uniform RVB state. ' A short version of this
work was published earlier. One of our main results is
that a linear T resistivity emerges due to scattering by
gauge field fluctuations. A mathematically related
though physically distinct mechanism for linear T behav-
ior is given by Ioffe and Wiegmann. Ioffe and Kotliar
have also published a work which is very closely related
to the present one.

(2.5)

Alternatively, the same term can be written as

which would lead to the decoupling

D J = (f iffy —f ifJ t & (2.7)

At half-filling, there exists an SU(2) symmetry' (an ab-
sence of a down spin is equivalent to an up spin when
there is exactly a single fermion per site), so that the two
decouplings are equivalent. For finite x, the two decou-
plings are distinct. For the bulk of this paper we shall
treat the decoupling g; while assuming that D; =0.
There are two rationales for this. First, it is convenient
formally to extend the spin sum to a sum over N degrees
of freedom, and perform a large-1V expansion. In this
case it is clear that y; scales as N and there is no simple
way of defining D; . Indeed, Grilli and Kotliar' have
found that, in the large-X limit, the mean field yI 'WO,
D, =0 is stable for some intermediate doping concentra-
tion x =J/t. Secondly, if we treat the E=2 case in the
saddle-point approximation, we expect for intermediate
doping that y', J 'WO below a temperature of order J, while
D; may develop d-state symmetry at a lower tempera-
ture, ' so that there should be a temperature range where
y', 'WO but D, =0. Schematically the mean-field phase
diagram may look like that shown in Fig. 1. There are
four different regimes. Below the solid line yI. '%0 and,
when D, is d-state symmetric, we have a uniform RVB
state. In region I, (b)%0 and we have a Fermi-liquid
phase, quite similar to that which appears in the heavy-
fermion problem. This region has been treated by Grilli
and Kotliar. ' In region II, D, WO but ( b ) =0. We shall
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A boson-boson interaction term has been dropped as be-
ing small (of order x ) in the rewriting of the J term.
Equation (2.5) leads naturally to the mean-field decou-
pling'

(2.6)

where

+i A.,-(f,*f, +b,*b,—1), . (2.4)

FIG. 1. Schematic slave-boson mean-field phase diagram of
the t-J model. The solid line denotes the onset of the uniform
RVB state. The dotted line denotes the mean-field Bose-
Einstein condensation temperature of the boson while the
dashed line denotes the onset of pairing of the fermion opera-
tors. The four regions are (I) Fermi liquid, (II) spin-gap phase,
(III) superconductor, and (IV) strange metal phase.
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state for the S = 1
2 antiferromagnetic Heisenberg model

on a triangular lattice. The triangular lattice is of special
interest because an Ising-like ordering of the spins is frustrated.
Subsequently, it was decided that the ground state forms a!

3 "
!

3 superlattice where the moments lie on the same
plane and form 120# angles between neighbouring sites [42].

Soon after the discovery of high Tc superconductors,
Anderson [3] revived the RVB idea and proposed that with the
introduction of holes the Néel state is destroyed and the spins
form a superposition of singlets. The vacancy can hop in the
background of what he envisioned as a liquid of singlets and a
better compromise between the hole kinetic energy and the spin
exchange energy may be achieved. Many elaborations of this
idea followed, but here we argue that the basic physical picture
described above gives a simple account of the pseudogap
phenomenon. The singlet formation explains the decrease of
the uniform spin susceptibility. The vacancies are responsible
for transport in the plane. The conductivity spectral weight
in the ab plane is given by the hole concentration x and is
unaffected by the singlet formation. On the other hand, for
c-axis conductivity, an electron is transported between planes.
Since an electron carries spin 1

2 , it is necessary to break a
singlet. This explains the gap formation in !c(") and the
energy scale of this gap should be correlated with that of the
uniform susceptibility. In photoemission, an electron leaves
the solid and reaches the detector, the pull-back of the leading
edge simply reflects the energy cost to break a singlet.

A second concept associated with the RVB idea is the
notion of spinons and holons, and spin charge separations.
Anderson postulated that the spin excitations in an RVB state
are S = 1

2 fermions which he called spinons. This is in contrast
to excitations in a Néel state which areS = 1 magnons orS = 0
gapped singlet excitations.

Initially the spinons are suggested to form a Fermi surface,
with Fermi volume equal to that of 1 $ x fermions [43]. Later
it was proposed that the Fermi surface is gapped to form a
d-wave type structure, with the maximum gap near (0, #) [44].
This k dependence of the energy gap is needed to explain the
momentum dependence observed in photoemission.

The concept of spinons is a familiar one in one-
dimensional spin chains where they are well understood to
be domain walls. In two dimensions the concept is a novel one
which does not involve domain walls. Instead, a rough physical
picture is as follows. If we assume a background of short range
singlet bonds, forming the so-called short range RVB state,
a cartoon of the spinon is shown in figure 5. If the singlet
bonds are ‘liquid,’ two S = 1

2 formed by breaking a single
bond can drift apart, with the liquid of singlet bonds filling in
the space between them. They behave as free particles and are
called spinons. The concept of holons follows naturally [45]
as the vacancy left over by removing a spinon. A holon carries
charge e but no spin.

4. Projected wavefunction, slave boson and the
gauge theory formulation of the RVB picture

Is there any calculated tool or mathematical formalism to put
some meat into the physical picture of RVB described in the

Figure 5. A cartoon representation of the RVB liquid or singlets.
The solid bond represents a spin singlet configuration and the circle
represents a vacancy. In (b) an electron is removed from the plane in
photoemission or c-axis conductivity experiment. This necessitates
the breaking of a singlet.

last section? As far as computation is concerned, the use of
the projected wavefunction has enjoyed considerable success.
The idea is to write down a trial wavefunction of the type

$ = PG%, (3)

where PG =
!

i (1$ni%ni&) is called the Gutzwiller projection
and % is any Hartree Fock or BCS wavefunction, usually
suggested by mean field theory described below. The role
of the Gutzwiller projection is to remove all doubly occupied
states in %. Equation (3) is a suitable variational wavefunction
for the t–J model because the constraint is satisfied by
definition, and its expectation values and correlation functions
can be computed by efficient Monte Carlo algorithms [46,47].
The mean field parameters can be treated as variational
parameters. The projection wavefunction gives excellent
ground state energy and sublattice magnetization at half-filling,
capturing the important quantum fluctuations of the Néel
ordered state. With doping it predicted correctly the d-wave
pairing ground state [48], even though the prediction of the
co-existence of superconductivity with AF up to x ' 0.11
is not in agreement with experiment. Putting aside the
question of whether it is the ground state, a comparison of
the physical properties of the projected d-wave pairing states
with a variety of experiments was successfully made [49]. The
trial wavefunction can be further improved by the Lanczos
method of repeatedly hitting it with the Hamiltonian. There
is some controversy as to whether the ground state of the
t–J model with nearest-neighbour hopping only is a d-wave
superconductor [50, 51], but it is clear that superconductivity
is a highly competitive state, as found by other numerical
methods such as density matrix renormalization group [52],
cluster dynamical mean field theory [53] and variational cluster
approximation [54,55]. Recently it was found that introduction
of t ( considerably stabilizes the d-wave superconducting state
[56]. At present, I would say that there is strong numerical
evidence that the d-wave superconductor is a strong contender
for the ground state of the t–J model.

What about analytic theory and where does the mean
field % come from? A useful method is called the Gutzwiller
approxmation, which imposes the constraint approximately by
treating the available configuration for hopping and exchange
in a statistical basis [57]. This is clearly related to the
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slave-boson method which we discus below. The slave-
boson method was developed for the Kondo problem [58, 59]
It has enjoyed great success as the best way to understand
the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
thousand times the free electron mass [60]. The idea is to write
the electron operator as a product of the boson and fermion
which carries the spin index

c†
i! = f †

i!bi (4)

with the condition

f †
i!fi! + f †

i"fi" + b†
i bi = 1. (5)

This constraint can be enforced with a Lagrangian multiplier"i.
Note that equation (4) is not an operator identity and the right-
hand side does not satisfy the fermion commutation relation.
Rather, the requirement is that both sides have the correct
matrix elements in the reduced Hilbert space with no doubly
occupied states. For example, the Heisenberg exchange term
is written in terms of f †

i! , fi! only [43]

Si · Sj = # 1
4f †

i!fj!f †
j#fi# # 1

4 (f †
i!f †

j" # f †
i"f †

j!)

$ (fj"fi! # fj!fi") + 1
4 (f †

i$fi$). (6)

We then decouple the exchange term in both the particle–hole
and particle–particle channels via the Hubbard–Stratonovich
(HS) transformation.

Then the partition function is written in the form

Z =
!

Df Df †DbD"D%D& exp
"

#
! #

0
d'L1

#
, (7)

where

L1 = J̃
$

%ij&
(|%ij|2 + |&ij|2) +

$
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# J̃

%

&
$

%ij&
%'

ij

'
$

!

f †
i!fj!

(

+ c.c.

)

*

+ J̃

%

&
$

%ij&
&ij(f

†
i!f †

j" # f †
i"f †

j!) + c.c.

)

*

+
$

i

b'
i ((' # i"i + µB)bi #

$

ij

tijbib
'
j f

†
i!fj! , (8)

with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
$

!

%f †
i!fj! &, (9)

&ij = %fi!fj" # fi"fi!&. (10)

Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem

7

Rep. Prog. Phys. 71 (2008) 012501 P A Lee

slave-boson method which we discus below. The slave-
boson method was developed for the Kondo problem [58, 59]
It has enjoyed great success as the best way to understand
the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
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which carries the spin index
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with the condition
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Note that equation (4) is not an operator identity and the right-
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with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
$

!

%f †
i!fj! &, (9)

&ij = %fi!fj" # fi"fi!&. (10)

Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem
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the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
thousand times the free electron mass [60]. The idea is to write
the electron operator as a product of the boson and fermion
which carries the spin index
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with the condition
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Note that equation (4) is not an operator identity and the right-
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with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
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Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem
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II. THE MODEL LAGRANGIAN

We shall begin with the t-J model defined on a square
lattice

H = t g c, c +J—g(S; S ——,'n;n ), (2.1)
i,j,o. I& J

where S;= ,'c, tr ttc;&, n—;=g c; c, , and the sum over ij
is over the nearest neighbor. Equation (2.1) is subject to
the important constraint that a given site cannot be occu-
pied by more than one electron. The constraint is con-
veniently implemented using the slave-boson
method

c, =f;b; (2.2)

where, is a fermion operator that carries the spin label
and b, is a boson operator that can be interpreted as
creating a vacancy. The constraint of no double occu-
pancy is now replaced by

gf; f; +b, b, =l, (2.3)
t, o

which can be implemented in a functional integral formu-
la over a complex b field and a Grassmann f field with
the integration over an additional field A.; on each site,

Z = fd A,; db; db;*df; df;* exp —f (Xo+H)dr0

tivity. ' It would seem a hopeless task to determine
from first principles which of the many proposed solu-
tions is realized as a solution to the t-J model. In this pa-
per we set for ourselves a rather more modest goal. We
want to ask the question: Given a mean-field solution
and by including fluctuations around it, can we obtain a
description of physical quantities which are consistent
with the rather severe constraints set by experiments?
Baskaran and Anderson ' recognized that fluctua-

tions about the RVB mean-field solution are naturally
gauge theories. This point was elaborated in a paper by
Ioffe and Larkin, and we shall draw heavily from the re-
sults of this work. We find that, even though the spin
and charge degrees of freedom are separated on the
mean-field level, they are strongly coupled by the gauge
field. In order to reproduce the photoemission data, we
need a mean-field theory with a spinon Fermi surface
which obeys Luttinger's theorem. This leads us to con-
sider the uniform RVB state. ' A short version of this
work was published earlier. One of our main results is
that a linear T resistivity emerges due to scattering by
gauge field fluctuations. A mathematically related
though physically distinct mechanism for linear T behav-
ior is given by Ioffe and Wiegmann. Ioffe and Kotliar
have also published a work which is very closely related
to the present one.

(2.5)

Alternatively, the same term can be written as

which would lead to the decoupling

D J = (f iffy —f ifJ t & (2.7)

At half-filling, there exists an SU(2) symmetry' (an ab-
sence of a down spin is equivalent to an up spin when
there is exactly a single fermion per site), so that the two
decouplings are equivalent. For finite x, the two decou-
plings are distinct. For the bulk of this paper we shall
treat the decoupling g; while assuming that D; =0.
There are two rationales for this. First, it is convenient
formally to extend the spin sum to a sum over N degrees
of freedom, and perform a large-1V expansion. In this
case it is clear that y; scales as N and there is no simple
way of defining D; . Indeed, Grilli and Kotliar' have
found that, in the large-X limit, the mean field yI 'WO,
D, =0 is stable for some intermediate doping concentra-
tion x =J/t. Secondly, if we treat the E=2 case in the
saddle-point approximation, we expect for intermediate
doping that y', J 'WO below a temperature of order J, while
D; may develop d-state symmetry at a lower tempera-
ture, ' so that there should be a temperature range where
y', 'WO but D, =0. Schematically the mean-field phase
diagram may look like that shown in Fig. 1. There are
four different regimes. Below the solid line yI. '%0 and,
when D, is d-state symmetric, we have a uniform RVB
state. In region I, (b)%0 and we have a Fermi-liquid
phase, quite similar to that which appears in the heavy-
fermion problem. This region has been treated by Grilli
and Kotliar. ' In region II, D, WO but ( b ) =0. We shall
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A boson-boson interaction term has been dropped as be-
ing small (of order x ) in the rewriting of the J term.
Equation (2.5) leads naturally to the mean-field decou-
pling'

(2.6)

where

+i A.,-(f,*f, +b,*b,—1), . (2.4)

FIG. 1. Schematic slave-boson mean-field phase diagram of
the t-J model. The solid line denotes the onset of the uniform
RVB state. The dotted line denotes the mean-field Bose-
Einstein condensation temperature of the boson while the
dashed line denotes the onset of pairing of the fermion opera-
tors. The four regions are (I) Fermi liquid, (II) spin-gap phase,
(III) superconductor, and (IV) strange metal phase.
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state for the S = 1
2 antiferromagnetic Heisenberg model

on a triangular lattice. The triangular lattice is of special
interest because an Ising-like ordering of the spins is frustrated.
Subsequently, it was decided that the ground state forms a!

3 "
!

3 superlattice where the moments lie on the same
plane and form 120# angles between neighbouring sites [42].

Soon after the discovery of high Tc superconductors,
Anderson [3] revived the RVB idea and proposed that with the
introduction of holes the Néel state is destroyed and the spins
form a superposition of singlets. The vacancy can hop in the
background of what he envisioned as a liquid of singlets and a
better compromise between the hole kinetic energy and the spin
exchange energy may be achieved. Many elaborations of this
idea followed, but here we argue that the basic physical picture
described above gives a simple account of the pseudogap
phenomenon. The singlet formation explains the decrease of
the uniform spin susceptibility. The vacancies are responsible
for transport in the plane. The conductivity spectral weight
in the ab plane is given by the hole concentration x and is
unaffected by the singlet formation. On the other hand, for
c-axis conductivity, an electron is transported between planes.
Since an electron carries spin 1

2 , it is necessary to break a
singlet. This explains the gap formation in !c(") and the
energy scale of this gap should be correlated with that of the
uniform susceptibility. In photoemission, an electron leaves
the solid and reaches the detector, the pull-back of the leading
edge simply reflects the energy cost to break a singlet.

A second concept associated with the RVB idea is the
notion of spinons and holons, and spin charge separations.
Anderson postulated that the spin excitations in an RVB state
are S = 1

2 fermions which he called spinons. This is in contrast
to excitations in a Néel state which areS = 1 magnons orS = 0
gapped singlet excitations.

Initially the spinons are suggested to form a Fermi surface,
with Fermi volume equal to that of 1 $ x fermions [43]. Later
it was proposed that the Fermi surface is gapped to form a
d-wave type structure, with the maximum gap near (0, #) [44].
This k dependence of the energy gap is needed to explain the
momentum dependence observed in photoemission.

The concept of spinons is a familiar one in one-
dimensional spin chains where they are well understood to
be domain walls. In two dimensions the concept is a novel one
which does not involve domain walls. Instead, a rough physical
picture is as follows. If we assume a background of short range
singlet bonds, forming the so-called short range RVB state,
a cartoon of the spinon is shown in figure 5. If the singlet
bonds are ‘liquid,’ two S = 1

2 formed by breaking a single
bond can drift apart, with the liquid of singlet bonds filling in
the space between them. They behave as free particles and are
called spinons. The concept of holons follows naturally [45]
as the vacancy left over by removing a spinon. A holon carries
charge e but no spin.

4. Projected wavefunction, slave boson and the
gauge theory formulation of the RVB picture

Is there any calculated tool or mathematical formalism to put
some meat into the physical picture of RVB described in the

Figure 5. A cartoon representation of the RVB liquid or singlets.
The solid bond represents a spin singlet configuration and the circle
represents a vacancy. In (b) an electron is removed from the plane in
photoemission or c-axis conductivity experiment. This necessitates
the breaking of a singlet.

last section? As far as computation is concerned, the use of
the projected wavefunction has enjoyed considerable success.
The idea is to write down a trial wavefunction of the type

$ = PG%, (3)

where PG =
!

i (1$ni%ni&) is called the Gutzwiller projection
and % is any Hartree Fock or BCS wavefunction, usually
suggested by mean field theory described below. The role
of the Gutzwiller projection is to remove all doubly occupied
states in %. Equation (3) is a suitable variational wavefunction
for the t–J model because the constraint is satisfied by
definition, and its expectation values and correlation functions
can be computed by efficient Monte Carlo algorithms [46,47].
The mean field parameters can be treated as variational
parameters. The projection wavefunction gives excellent
ground state energy and sublattice magnetization at half-filling,
capturing the important quantum fluctuations of the Néel
ordered state. With doping it predicted correctly the d-wave
pairing ground state [48], even though the prediction of the
co-existence of superconductivity with AF up to x ' 0.11
is not in agreement with experiment. Putting aside the
question of whether it is the ground state, a comparison of
the physical properties of the projected d-wave pairing states
with a variety of experiments was successfully made [49]. The
trial wavefunction can be further improved by the Lanczos
method of repeatedly hitting it with the Hamiltonian. There
is some controversy as to whether the ground state of the
t–J model with nearest-neighbour hopping only is a d-wave
superconductor [50, 51], but it is clear that superconductivity
is a highly competitive state, as found by other numerical
methods such as density matrix renormalization group [52],
cluster dynamical mean field theory [53] and variational cluster
approximation [54,55]. Recently it was found that introduction
of t ( considerably stabilizes the d-wave superconducting state
[56]. At present, I would say that there is strong numerical
evidence that the d-wave superconductor is a strong contender
for the ground state of the t–J model.

What about analytic theory and where does the mean
field % come from? A useful method is called the Gutzwiller
approxmation, which imposes the constraint approximately by
treating the available configuration for hopping and exchange
in a statistical basis [57]. This is clearly related to the
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slave-boson method which we discus below. The slave-
boson method was developed for the Kondo problem [58, 59]
It has enjoyed great success as the best way to understand
the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
thousand times the free electron mass [60]. The idea is to write
the electron operator as a product of the boson and fermion
which carries the spin index

c†
i! = f †

i!bi (4)

with the condition

f †
i!fi! + f †

i"fi" + b†
i bi = 1. (5)

This constraint can be enforced with a Lagrangian multiplier"i.
Note that equation (4) is not an operator identity and the right-
hand side does not satisfy the fermion commutation relation.
Rather, the requirement is that both sides have the correct
matrix elements in the reduced Hilbert space with no doubly
occupied states. For example, the Heisenberg exchange term
is written in terms of f †

i! , fi! only [43]

Si · Sj = # 1
4f †

i!fj!f †
j#fi# # 1

4 (f †
i!f †

j" # f †
i"f †

j!)

$ (fj"fi! # fj!fi") + 1
4 (f †

i$fi$). (6)

We then decouple the exchange term in both the particle–hole
and particle–particle channels via the Hubbard–Stratonovich
(HS) transformation.

Then the partition function is written in the form

Z =
!

Df Df †DbD"D%D& exp
"

#
! #

0
d'L1

#
, (7)

where

L1 = J̃
$

%ij&
(|%ij|2 + |&ij|2) +

$

i!

f †
i! ((' # i"i)fi!

# J̃

%

&
$

%ij&
%'

ij

'
$

!

f †
i!fj!

(

+ c.c.

)

*

+ J̃

%

&
$

%ij&
&ij(f

†
i!f †

j" # f †
i"f †

j!) + c.c.

)

*

+
$

i

b'
i ((' # i"i + µB)bi #

$

ij

tijbib
'
j f

†
i!fj! , (8)

with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
$

!

%f †
i!fj! &, (9)

&ij = %fi!fj" # fi"fi!&. (10)

Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem
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slave-boson method which we discus below. The slave-
boson method was developed for the Kondo problem [58, 59]
It has enjoyed great success as the best way to understand
the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
thousand times the free electron mass [60]. The idea is to write
the electron operator as a product of the boson and fermion
which carries the spin index
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with the condition

f †
i!fi! + f †
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i bi = 1. (5)

This constraint can be enforced with a Lagrangian multiplier"i.
Note that equation (4) is not an operator identity and the right-
hand side does not satisfy the fermion commutation relation.
Rather, the requirement is that both sides have the correct
matrix elements in the reduced Hilbert space with no doubly
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with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
$

!

%f †
i!fj! &, (9)

&ij = %fi!fj" # fi"fi!&. (10)

Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem

7

Spinon Holon

Rep. Prog. Phys. 71 (2008) 012501 P A Lee

slave-boson method which we discus below. The slave-
boson method was developed for the Kondo problem [58, 59]
It has enjoyed great success as the best way to understand
the properties of a remarkable class of materials called the
heavy fermion compounds, where Fermi liquid theory has been
stretched to the extreme, with effective mass as large as several
thousand times the free electron mass [60]. The idea is to write
the electron operator as a product of the boson and fermion
which carries the spin index
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with the condition

f †
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i bi = 1. (5)

This constraint can be enforced with a Lagrangian multiplier"i.
Note that equation (4) is not an operator identity and the right-
hand side does not satisfy the fermion commutation relation.
Rather, the requirement is that both sides have the correct
matrix elements in the reduced Hilbert space with no doubly
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with %ij representing fermion hopping and &ij representing
fermion pairing corresponding to the two ways of representing
the exchange interaction in terms of the fermion operators.
J̃ = 3J/8 is chosen to reproduce the mean field self-consistent
equation which is obtained by the Feynman variational
principle.

Mean field theory corresponds to the saddle point solution
to the functional integral. The mean field conditions are

%ij =
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Let us write %ij = |%ij |eiaij and ignore the fluctuation of the
amplitude. Furthermore, in the last term in equation (8) we
replace f †

i!fj! by %ij . Then the rather complicated Lagrangian
of equation (8) has a rather simple interpretation. It describes
fermions and bosons hopping on a lattice with hopping matrix
element %ij . The phase aij lives on the links, and plays the role
of the spatial components of a lattice gauge field, while the "i

fields introduced to enforce the constraint become the time
components. Note that both fermions and bosons are coupled
to the same gauge field. In addition, the fermions may have
singlet pairing amplitude given by &ij . Thus we come to the
conclusion that the t–J model is equivalent to a lattice gauge
theory with nonrelativistic fermions and bosons coupled with
a compact U(1) gauge field (compactness simply refers to the
fact that the gauge field aij is a phase defined module 2) ).
At this point the gauge field has no dynamics. It fluctuates
freely and is in the infinite coupling limit. Interesting dynamics
emerge upon integrating out some of the matter field but one
is left with a lattice gauge theory with strong coupling. The
mapping is basically exact, but the question remains as to how
to deal with such a model.

Before discussing the importance of gauge fluctuations,
let us examine some examples of mean field solutions.

1. d-wave pairing states. Here %ij = % is constant and
&ij = & for (ij) bonds along x and &ij = #& for (ij)

along y, i.e. it has d-wave pairing geometry. Without pairing,
the fermions hop on a tight binding band with dispersion

*f(k) = #2J̃%(cos kxa + cos kya). (11)

With pairing we have the classic d-wave dispersion

E(k) =
+

(*f(k) # µf)
2 + |&k|2, (12)

where µf is the fermion chemical potential and &k =
2&(cos kxa # cos kya). The bosons see the same band
dispersion and condense at the bottom of the band minimum at
low temperatures. In mean field theory the Bose condensation
temperature is proportional to the boson density x. Below this
temperature we have electron pairing, because the BCS order
parameter %ck!c#k"& = b2

0%fk!f#k"& (= 0 where %b& = b0. The
mean field phase diagram is shown in figure 6 and captures
some key features of the high Tc phase diagram shown in
figure 2. In particular, the d-wave superconducting state
appears at intermediate doping and a spin gap state (region II)
where a d-wave-like gap exists for spin excitations but not
charge excitations, anticipates many of the properties of the
pseudogap phase.

2. The staggered flux state. Early in the development of
the mean field theory, a variety of mean field states were
discovered which give identical dispersion. Notable among
these is the staggered flux state [62]. In this state the hopping
%ij is complex, %ij = %0 exp(i(#1)ix+jy +0), and the phase is
arranged in such a way that it describes free fermion hopping
on a lattice with a fictitious flux ±4+0 threading alternative
plaquettes. Remarkably, the eigenvalues of this problem
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II. THE MODEL LAGRANGIAN

We shall begin with the t-J model defined on a square
lattice

H = t g c, c +J—g(S; S ——,'n;n ), (2.1)
i,j,o. I& J

where S;= ,'c, tr ttc;&, n—;=g c; c, , and the sum over ij
is over the nearest neighbor. Equation (2.1) is subject to
the important constraint that a given site cannot be occu-
pied by more than one electron. The constraint is con-
veniently implemented using the slave-boson
method

c, =f;b; (2.2)

where, is a fermion operator that carries the spin label
and b, is a boson operator that can be interpreted as
creating a vacancy. The constraint of no double occu-
pancy is now replaced by

gf; f; +b, b, =l, (2.3)
t, o

which can be implemented in a functional integral formu-
la over a complex b field and a Grassmann f field with
the integration over an additional field A.; on each site,

Z = fd A,; db; db;*df; df;* exp —f (Xo+H)dr0

tivity. ' It would seem a hopeless task to determine
from first principles which of the many proposed solu-
tions is realized as a solution to the t-J model. In this pa-
per we set for ourselves a rather more modest goal. We
want to ask the question: Given a mean-field solution
and by including fluctuations around it, can we obtain a
description of physical quantities which are consistent
with the rather severe constraints set by experiments?
Baskaran and Anderson ' recognized that fluctua-

tions about the RVB mean-field solution are naturally
gauge theories. This point was elaborated in a paper by
Ioffe and Larkin, and we shall draw heavily from the re-
sults of this work. We find that, even though the spin
and charge degrees of freedom are separated on the
mean-field level, they are strongly coupled by the gauge
field. In order to reproduce the photoemission data, we
need a mean-field theory with a spinon Fermi surface
which obeys Luttinger's theorem. This leads us to con-
sider the uniform RVB state. ' A short version of this
work was published earlier. One of our main results is
that a linear T resistivity emerges due to scattering by
gauge field fluctuations. A mathematically related
though physically distinct mechanism for linear T behav-
ior is given by Ioffe and Wiegmann. Ioffe and Kotliar
have also published a work which is very closely related
to the present one.

(2.5)

Alternatively, the same term can be written as

which would lead to the decoupling

D J = (f iffy —f ifJ t & (2.7)

At half-filling, there exists an SU(2) symmetry' (an ab-
sence of a down spin is equivalent to an up spin when
there is exactly a single fermion per site), so that the two
decouplings are equivalent. For finite x, the two decou-
plings are distinct. For the bulk of this paper we shall
treat the decoupling g; while assuming that D; =0.
There are two rationales for this. First, it is convenient
formally to extend the spin sum to a sum over N degrees
of freedom, and perform a large-1V expansion. In this
case it is clear that y; scales as N and there is no simple
way of defining D; . Indeed, Grilli and Kotliar' have
found that, in the large-X limit, the mean field yI 'WO,
D, =0 is stable for some intermediate doping concentra-
tion x =J/t. Secondly, if we treat the E=2 case in the
saddle-point approximation, we expect for intermediate
doping that y', J 'WO below a temperature of order J, while
D; may develop d-state symmetry at a lower tempera-
ture, ' so that there should be a temperature range where
y', 'WO but D, =0. Schematically the mean-field phase
diagram may look like that shown in Fig. 1. There are
four different regimes. Below the solid line yI. '%0 and,
when D, is d-state symmetric, we have a uniform RVB
state. In region I, (b)%0 and we have a Fermi-liquid
phase, quite similar to that which appears in the heavy-
fermion problem. This region has been treated by Grilli
and Kotliar. ' In region II, D, WO but ( b ) =0. We shall

IV
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III ~ .

A boson-boson interaction term has been dropped as be-
ing small (of order x ) in the rewriting of the J term.
Equation (2.5) leads naturally to the mean-field decou-
pling'

(2.6)

where

+i A.,-(f,*f, +b,*b,—1), . (2.4)

FIG. 1. Schematic slave-boson mean-field phase diagram of
the t-J model. The solid line denotes the onset of the uniform
RVB state. The dotted line denotes the mean-field Bose-
Einstein condensation temperature of the boson while the
dashed line denotes the onset of pairing of the fermion opera-
tors. The four regions are (I) Fermi liquid, (II) spin-gap phase,
(III) superconductor, and (IV) strange metal phase.

< b > 6= 0
< � > 6= 0

< � > 6= 0



Fractionalization in the PG phase ?NATURE PHYSICS DOI: 10.1038/NPHYS1375 LETTERS

UD50

0.05¬0.10 ¬0.05 0

UD75

¬0.15 ¬0.10 ¬0.05 0 0.05 ¬0.10 ¬0.05 0 0.05

UD92
Node (N)

Antinode 
(AN)

N
AN

0.8

0.6

0.4

0.2

0
0.80.60.40.20

ARPES (UD75)
FT–STS (UD74)

¬0.8

¬0.6

¬0.4

¬0.2

0

0.2

0.4

0.6

0.8

¬0.8 ¬0.4 0 0.4 0.8
 (Å¬1)

 (
Å

¬1
)

q1

q2

q3

q4q5

q6

q7

¬0.15 ¬0.15

UD65

(!, !)

(!, 0)(0, 0)

+

+

¬ ¬

¬0.15 ¬0.10 ¬0.05 0 0.05

UD75
65 K
85 K

E¬EF (eV)
¬0.15 ¬0.10 ¬0.05 0 0.05

E¬EF (eV) E¬EF (eV) E¬EF (eV)

E¬EF (eV)

a e

f

b c d

 (Å¬1)

 (
Å

¬1
)

Figure 1 |Quasiparticles in ARPES data. a–d, EDCs at kF: node (top) to antinode (bottom). Insets: Fermi surface intersection for each cut. e, Octet model
QPI wave vectors, q1–q7, connect the ends of CCEs (red solid lines)5 around the Fermi surface (dashed line), where blue (yellow) regions represent
1(k) > 0 (1(k) < 0). f, Fourier-transform (FT) STS infers the Fermi surface by tracking dispersing QPI wave vectors, terminating at the antiferromagnetic
zone boundary (dashed line)5. For a similar doping, ARPES detects quasiparticles extending to the antinode. Inset: UD75 EDCs at the antinode measured
at 85 K and 65 K, showing emergence of the quasiparticle peak near Tc.
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Figure 2 | Scattering-rate fits. a,b, Symmetrized EDCs at kF for UD75 (a)
and UD92 (b) were fitted to an energy-dependent scattering rate, � = ↵!,
convolved with the experimental energy resolution. The characteristic
scattering rate, � ⇤

2 = ↵�(k), is plotted as a function of Fermi surface angle
along with the fitted �(k). Error bars for � ⇤

2 are estimated by the 3�

confidence interval of the fitting and error bars for the gap are described in
ref. 10. There is no evidence that the scattering rate diverges near the
antiferromagnetic zone boundary for either doping. In addition, the peak
width in the antinodal region is smaller than the gap, indicating that the
peaks are quasiparticle-like.

the peaks are quasiparticle-like in this region of interest. For UD92,
the quasiparticle width changes little from the node to the antinode,
a result similar to earlier work on overdoped samples14. The UD75
scattering rate shows a stronger momentum dependence, but the
overall variation is still only a factor of three. For both dopings,
there is no anomaly in the scattering at the antiferromagnetic zone
boundary, ruling out proposals for quasiparticle extinction that
invoke a sudden increase in single-particle scattering there5.

What could plausibly explain the apparent contradiction
between ARPES and Fourier-transform STS results? One intriguing
observation is that not all QPI wave vectors in ⇢(q,!) vanish across

the antiferromagnetic zone boundary: q1,4,5 survive, whereas the
others fall below the Fourier-transform STS noise floor5. Here, we
study the effects of quasiparticle scattering from impurities on the
basis of a weak-coupling approach15. Although this neglects the
large, relevant, spatial inhomogeneity in the LDOS shown with
STS (ref. 7), it places a simple focus on the differences between
measurements, contrasting electron removal spectra in ARPES
against two-particleQPImechanisms in Fourier-transformSTS.

On the basis of ARPES results, the electron propagators are
described by theNambuGreen’s function Ĝ in the superconducting
state and the momentum-dependent T̂ matrix determines the
non-uniform part of ⇢(q,!) (ref. 16):

�⇢(q,!)= �1
⇡

Im
X

p

[Ĝ(p,!)T̂ (p,p+q)Ĝ(p+q,!)]11

where Ĝ(p,!) = 1/[!⌧̂0 � ⇠(p)⌧̂3 � 1(p)⌧̂1] is written in terms
of Pauli matrices ⌧̂1,3, the unit matrix ⌧̂0, the band struc-
ture ⇠(p) and the d-wave superconducting gap 1(p) = 10[cos
(pxa)�cos(pya)]/2. Contributions to the T̂ matrix can be classified
according to how they modify electron parameters: conventional
impurity scattering occurs in the ⌧̂3 channel, whereas local super-
conducting gapmodification occurs in the ⌧̂1 channel.

A single impurity at site (0, 0) locally modifies hopping and the
d-wave superconducting gap through an impurity contribution
to the Hamiltonian17–19: H = P

r
 †

r
[⌧̂3�t (r)+ t̂1�1(r)] 0 + h.c.,

where spin indices have been suppressed. The hopping and
d-wave gap modulations, �t (r) and �1(r), are proportional to
�(r �ax)±�(r �ay)+�(r +ax)±�(r +ay), where a is the square
lattice spacing and the upper (lower) sign is for hopping (d-wave
gap) modulation. Given this form of the impurity Hamiltonian,
the Fourier transform, T̂ (p,p+q), has a simple momentum-space
form: ⌧̂3,1[cos(px)±cos(py)+cos(px +qx)±cos(py +qy)] for hop-
ping and d-wave gap modulated scattering, respectively. In the ⌧̂1
channel (gap modulation), scattering vanishes between points with
opposite order-parameter phases. Thus, q2,3,6,7 vanish identically,
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and UD92 (b) were fitted to an energy-dependent scattering rate, � = ↵!,
convolved with the experimental energy resolution. The characteristic
scattering rate, � ⇤

2 = ↵�(k), is plotted as a function of Fermi surface angle
along with the fitted �(k). Error bars for � ⇤

2 are estimated by the 3�

confidence interval of the fitting and error bars for the gap are described in
ref. 10. There is no evidence that the scattering rate diverges near the
antiferromagnetic zone boundary for either doping. In addition, the peak
width in the antinodal region is smaller than the gap, indicating that the
peaks are quasiparticle-like.

the peaks are quasiparticle-like in this region of interest. For UD92,
the quasiparticle width changes little from the node to the antinode,
a result similar to earlier work on overdoped samples14. The UD75
scattering rate shows a stronger momentum dependence, but the
overall variation is still only a factor of three. For both dopings,
there is no anomaly in the scattering at the antiferromagnetic zone
boundary, ruling out proposals for quasiparticle extinction that
invoke a sudden increase in single-particle scattering there5.

What could plausibly explain the apparent contradiction
between ARPES and Fourier-transform STS results? One intriguing
observation is that not all QPI wave vectors in ⇢(q,!) vanish across

the antiferromagnetic zone boundary: q1,4,5 survive, whereas the
others fall below the Fourier-transform STS noise floor5. Here, we
study the effects of quasiparticle scattering from impurities on the
basis of a weak-coupling approach15. Although this neglects the
large, relevant, spatial inhomogeneity in the LDOS shown with
STS (ref. 7), it places a simple focus on the differences between
measurements, contrasting electron removal spectra in ARPES
against two-particleQPImechanisms in Fourier-transformSTS.

On the basis of ARPES results, the electron propagators are
described by theNambuGreen’s function Ĝ in the superconducting
state and the momentum-dependent T̂ matrix determines the
non-uniform part of ⇢(q,!) (ref. 16):

�⇢(q,!)= �1
⇡

Im
X

p

[Ĝ(p,!)T̂ (p,p+q)Ĝ(p+q,!)]11

where Ĝ(p,!) = 1/[!⌧̂0 � ⇠(p)⌧̂3 � 1(p)⌧̂1] is written in terms
of Pauli matrices ⌧̂1,3, the unit matrix ⌧̂0, the band struc-
ture ⇠(p) and the d-wave superconducting gap 1(p) = 10[cos
(pxa)�cos(pya)]/2. Contributions to the T̂ matrix can be classified
according to how they modify electron parameters: conventional
impurity scattering occurs in the ⌧̂3 channel, whereas local super-
conducting gapmodification occurs in the ⌧̂1 channel.

A single impurity at site (0, 0) locally modifies hopping and the
d-wave superconducting gap through an impurity contribution
to the Hamiltonian17–19: H = P

r
 †

r
[⌧̂3�t (r)+ t̂1�1(r)] 0 + h.c.,

where spin indices have been suppressed. The hopping and
d-wave gap modulations, �t (r) and �1(r), are proportional to
�(r �ax)±�(r �ay)+�(r +ax)±�(r +ay), where a is the square
lattice spacing and the upper (lower) sign is for hopping (d-wave
gap) modulation. Given this form of the impurity Hamiltonian,
the Fourier transform, T̂ (p,p+q), has a simple momentum-space
form: ⌧̂3,1[cos(px)±cos(py)+cos(px +qx)±cos(py +qy)] for hop-
ping and d-wave gap modulated scattering, respectively. In the ⌧̂1
channel (gap modulation), scattering vanishes between points with
opposite order-parameter phases. Thus, q2,3,6,7 vanish identically,
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Figure 17. (Color online) (a) Loci of the Bogoliubov band turning points as the
voltage increases extracted from STM quasiparticle interference. The loci end at the
AF reduced BZ boundary enclose an area close to the doping level, from Kohsaka
et al. [31]. (b) The hole pocket area predicted in YRZ Green’s function and the
area obtained from the STM experiments as defined in (a), along with areas obtained
by other methods. The down triangles denote the hole densities calculated from the
Luttinger theorem extrapolating the arcs to give a full Fermi surface. There is good
agreement between the YRZ ansatz and the areas in (a).

Figure 18. (Color online) (a-d) Doping x and temperature dependences (ranging
from 300 � 10K) of AIPES spectra. (h-k) The first derivative curves of the AIPES
spectra with respective to energy of the spectra (2nd row) with the maxima indicated
by the red dots [30]. Each spectrum is shifted vertically so that one can see the peaks
clearly.
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Fig. 1: Cuprate temperature-doping phase diagram. Long-range antiferromagnetic order (solid 

green line) gives way to superconductivity (solid blue line) near  = 0.05. Orange diamonds 

designate dopings where quantum oscillations have been observed previously[52, 53], and 

stars denote the new dopings presented in this paper. Short-range antiferromagnetic order 

(green diamonds) terminates at a quantum critical point at  = 0.08 [46, 54]; beyond 

 = 0.08, short-range charge order onsets above ܶ (solid black diamonds [15, 27]). The 

charge order, the onset of the pseudogap (as defined by neutron spin-flip scattering (open red 

circles)[12], the polar Kerr effect (open red diamonds[13]), and the change in the slope of 

resistivity with temperature (open red triangles[55])) terminate near  = 0.18, suggesting the 

possibility of a quantum critical point at this doping. Two thermodynamic quantities show 

enhancement near the critical dopings: the jump in the specific heat at ܶ(ȟߛ, maroon 

diamonds [40, 41]), and the upper critical field (ܪଶ, purple points [39]). 

Ramshaw, 2015
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variation of the Cooper state can be properly adjusted to match the
oscillations of the spin interaction. Generally, the instability is found
in the spin-singlet state, which must necessarily have even angular
momentum. As the interaction is repulsive at the origin, a non-zero
angular momentum state, typically a d-wave state, is favoured
(Fig. 1c).

We note that the analogues of the ferromagnetic and antiferro-
magnetic instabilities can exist in the density (described by xn(r,t)) as
well43. The pattern of oscillations in xn(r,t) is determined by the
wavevector at which the density response is maximum, and this
too can lead to unconventional pairing states. In contrast to the
magnetic interaction where the sign of the interaction is different
for spin-triplet and spin-singlet Cooper pairs, the density interaction
is oblivious to the spin state of the Cooper pairs. Hence, the magnetic
interaction offers more freedom to match the attractive regions of the
oscillations of the interactions with the quasiparticle states near the
Fermi surface available to construct a Cooper-pair wavefunction.

Some surprises
On the border of ferromagnetism the induced interaction is purely
attractive at short distances, whereas on the border of antiferromag-
netism it is likely to have repulsive regions when the two interacting
quasiparticles are close to each other. It might therefore be expected
that the search for exotic pairing states on the former border would
have proved the more fruitful. This seemed to have been borne out by
the discovery of the superfluidity of liquid 3He in which the uniform
magnetic susceptibility is strongly enhanced44. Given the abundance
of metals that exhibit strong ferromagnetic correlations, it is more
than a little surprising that it took a quarter of a century to discover a
superconducting analogue of liquid 3He, namely, the layered perovs-
kite Sr2RuO4 that has a Tc value two orders of magnitude below that
of the high Tc copper oxides26.

Even more perplexing on the other hand is the fact that many
examples of superconductivity on the border of antiferromagnetism
have been found in the intervening period4–7,28–32. These findings
would suggest at first sight that the magnetic interaction is
giving us little or no insight on where to look for exotic forms of
superconductivity.

However, the great lesson of the past decade is that subtleties in the
magnetic interaction model only come to the surface after a careful

examination of its properties. Although the idea of a magnetic inter-
action goes back nearly half a century, the computer algorithms and
hardware necessary for an exploration of the detailed predictions of
the model have only become available more recently.

The results of these theoretical investigations have led to an intui-
tive understanding of the following: (1) why superconductivity can
be particularly robust on the border of antiferromagnetism in a
quasi-two-dimensional tetragonal system with high characteristic
spin fluctuation frequencies30,45–48; (2) how the charge–charge and
spin–spin interactions can in some cases work coherently to stabilize
anisotropic Cooper-pair states; and (3) why pairing on the border of
ferromagnetism is hampered by quite a number of effects, and may
depend on subtle details of the electronic structure, that is, features
(absent in liquid 3He) of the energy band of the periodic crystal
potential49–51. Illustrations of these ideas are given below.

The first reason for the robustness of pairing in the presence of
antiferromagnetic correlations in a tetragonal structure is that the
amplitude of the oscillations in the interaction is strong because of
the low dimensionality. The energy density of the interaction waves
created by the polarizer falls off more gradually in two dimensions (as
1/distance) than in three dimensions (as 1/distance2). The second
reason is that the repulsive regions of the interaction in real space
are along the diagonals of the lattice given that one quasiparticle is at
the origin (see Fig. 3). In this case, the crystal symmetry allows one to
choose a d-wave Cooper state with nodes along the diagonals, thereby
neutralizing most of the repulsive regions while retaining the attrac-
tive regions. One can easily imagine that it will not always be possible
to choose a Cooper-pair state in such an optimal way, and that the
initial impression that the oscillations of the interaction are detri-
mental to superconductivity may only be wrong in special cases. In
particular, as the tetragonal structure becomes more and more iso-
tropic under otherwise similar conditions, the model predicts a
decrease in the robustness of the pairing. The range in temperature
and pressure over which superconductivity is observed was increased
by about one order of magnitude in going from cubic CeIn3 (refs 30,
52) to its tetragonal analogues CeMIn5, where M stands for Rh, Ir or
Co (refs 31, 32, 53–56; Fig. 4), as anticipated by the magnetic inter-
action model.

Another case where subtle features of the model considered here
could explain puzzling superconducting properties is the first of the
heavy-fermion superconductors, CeCu2Si2 (ref. 4), and the related

Repulsion Attraction

Figure 3 | Magnetic interaction potential in a lattice. Graphical
representation of the static magnetic interaction potential in real space seen
by a quasiparticle moving on a square crystal lattice given that the other
quasiparticle is at the origin (denoted by a cross). The spins of the interacting
quasiparticles are taken to be antiparallel, such that the total spin of the
Cooper pair is zero. The dashed lines show the regions where the d-wave
Cooper-pair state has vanishing amplitude. This is the state that best
matches the oscillations of the potential, in that a quasiparticle has minimal
probability of being on lattice sites when the potential induced by the
quasiparticle at the origin is repulsive. The size of the circle in each lattice site
is a representation of the absolute magnitude of the potential (on a
logarithmic scale). This picture is appropriate for a system on the border of
antiferromagnetism in which the period of the real space oscillations of the
potential is precisely commensurate with the lattice.
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Figure 4 | Effect of electronic anisotropy. The schematic
temperature–pressure phase diagram of two related heavy fermion
compounds, CeIn3 (refs 30, 52) and CeRhIn5 (refs 53–55). These two
materials differ in particular in the degree of anisotropy of the low energy
excitation spectrum. As one would expect, the thermal fluctuations in the
local magnetization lead to a smaller value of the magnetic transition
temperature (Néel temperature, TN) in the anisotropic material. By contrast,
perhaps unexpectedly, Tc is greatly suppressed in the isotropic compound
CeIn3 (red lines) compared with CeRhIn5 (blue lines). Both of these features
are in qualitative agreement with the magnetic interaction model.
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compound, CeNi2Ge2 (refs 57–59). The appearance of two super-
conducting domes in the temperature–pressure phase diagram of
CeNi2Ge2 (refs 58, 59) led some of us to suspect a different origin
of superconductivity in the two cases, that is, magnetically mediated
on the border of antiferromagnetism at low pressures and density-
mediated on the border of an a–c density instability at higher pres-
sures. Such magnetic and density instabilities have been identified
in CeCu2Si2, in which the two superconducting domes coalesce in
stoichiometric samples but become separate and distinct in Ge
doped samples60,61 (Fig. 5). Our model quasiparticle interaction
can naturally account for this behaviour.

In our model, the overall scale for Tc depends on the characteristic
width of the energy band out of which the paired quasiparticles
emerge. This suggests that a further increase in Tc could be obtained
if the 4f Ce band were replaced, for example, by a wider 5f band
under otherwise equivalent conditions, for example, in the same
tetragonal structure and without moving too far from the border
of the magnetic instability. This is indeed what happens when Ce
in CeMIn5 is replaced by the 5f metal Pu to obtain the related systems
PuMGa5, which leads to an increase of Tc by about another order of
magnitude62,63.

These aspects of our model can be understood even with a simple
Lindhard function that represents real-space oscillations with a single
wavelength of the order of the lattice spacing, as is to be expected for a
system on the border of commensurate antiferromagnetism. A whole
new level of complexity and subtlety arises when Lindhard functions for
realistic energy bands are used (Fig. 6). The oscillation pattern in real
space is a superposition of components of different wavelengths, and
can vary dramatically with the filling level of the relevant energy band.

These rich oscillation patterns have proved to be a critical element
in developing a qualitative understanding of the scarcity of examples

of superconductivity on the border of ferromagnetism51. Another
crucial factor in the case of the border of ferromagnetism is that
the magnitude of the quantum mechanical average of the inner pro-
duct of the two quasiparticle spins is a factor of three smaller in the
spin-triplet state than in the spin-singlet state. This unique feature of
the magnetic interaction means that pairing in the spin-triplet state
has an inherent disadvantage relative to pairing in the spin-singlet
state. The factor of three in the relative ineffectiveness of the former
pairing is a property of a quantum spin 1/2, and does not arise for a
classical spin or in an anisotropic system in which only fluctuations in
the magnetization along a particular axis in the crystal are relevant.
This suggests that pairing on the border of ferromagnetism is more
likely to arise in systems with a strong magnetic anisotropy49. This
prediction motivated the search for superconductivity on the border
of ferromagnetism in UGe2, which is known to have a strong uniaxial
magnetic anisotropy. The search proved fruitful, for it led to the
discovery of the first example of the co-existence of superconduc-
tivity and itinerant-electron ferromagnetism27,64–67 (Fig. 7). Soon
after, superconductivity was discovered in the itinerant-electron
ferromagnets URhGe (ref. 68) and UIr (ref. 69) and even in the
e-phase of elemental Fe (ref. 70).

The magnetic energy scales in d metals may be much larger than in
the f metals and one might expect, on the basis of the magnetic
interaction model, that the spin-triplet p-wave superconductivity
in the nearly ferromagnetic tetragonal compound Sr2RuO4 would
occur at relatively high temperatures, despite the inherent disadvant-
age of spin-triplet pairing discussed above. That this is not the case
may be understood in terms of the subtle oscillation pattern of the
Lindhard function for a realistic model of the ‘dxy’ energy band of
Sr2RuO4 thought to be dominant for superconductivity. In particu-
lar, the form of the Fermi surface that arises in the presence of a
periodic lattice potential tends to have nesting features that lead to
real-space oscillations in the magnetic interaction that interfere with
the long-wavelength components associated with ferromagnetic
correlations. An additional detrimental factor to p-wave pairing in
Sr2RuO4 arises from the fact that strong ferromagnetic correlations
only occur when the Fermi surface is close to a ‘van Hove’ singularity
point. The Fourier transform of the p-wave Cooper state vanishes at
these points, and hence the superconducting energy gap is small in
regions of high density of electronic states on the Fermi surface—that
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Figure 5 | Proximity to antiferromagnetic and density instabilities.
Schematic temperature–pressure phase diagram for the class of compounds
CeM2X2 having the crystal structure shown in the inset. In CePd2Si2 (ref. 30;
that is, M 5 Pd, X 5 Si) and CeRh2Si2 (ref. 32), one only observes a
superconducting dome on the border of metallic antiferromagnetism (left
hand side of diagram), whereas in CeNi2Ge2 (refs 57–59) and in the close
relatives CeCu2Si2 and CeCu2Ge2 (refs 4, 60, 61) one observes two
superconducting domes, one of which is similar to that found in CePd2Si2

and CeRh2Si2. In CeCu2Si2 and CeCu2Ge2, the second superconducting
dome (on the right hand side of the diagram) is found to be on the border of a
density transition characterized by a first order transition line and low
temperature critical end point (red dot) followed by crossover behaviour
(red dashed line). This is analogous to a liquid–gas transition. (The two
domes overlap in the pure compounds but clearly separate in chemically
doped specimens (red domes).)

a b

Figure 6 | Effect of crystal lattice on the magnetic properties. a, b, Static
linear magnetic response (Lindhard function) versus wavevector in two
dimensions for non-interacting electrons in a uniform background of
neutralizing positive charges (‘jellium’; a) and in the presence of a model
crystal potential in a square lattice (b). Note the richer structure in the latter
case. The different peaks give rise to oscillations of different wavelengths in
real space, which can interfere constructively or destructively and thus lead
to complex forms of the real-space magnetic interaction. As the Lindhard
function is determined by the Fermi surface, it is as distinctive a property of a
metal as is the Fermi surface itself.
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is, p-wave pairing does not lead to an efficient lowering of the total
electronic energy50,51. These and other factors discussed elsewhere
shed light on why the search for a superconducting analogue of liquid
3He has proved so elusive27,50,51.

In the light of the experimental and theoretical findings discussed
above, we can establish a number of conditions that are particularly
favourable for magnetic pairing. On the basis of the cases studied so
far, one class of promising candidate material should have, at mini-
mum, the following properties: (1) a single band of relatively high
characteristic energy scale; (2) strong quasi-two-dimensional anti-
ferromagnetic correlations for spin-singlet pairing and for large
amplitude oscillations of the spin–spin interaction; and (3) a crystal
structure that enables the repulsive regions of the pairing potential to
be optimally neutralized. The quasi-two-dimensional organic super-
conductors28 appear to go quite far in satisfying these conditions.

Although the applicability of the magnetic interaction model to
the copper oxides71 has been disputed, it is nevertheless interesting
that the model provides a natural explanation for the robustness of
superconductivity and correctly anticipated the d-wave symmetry34

of the Cooper-pair state in this class of materials72–75, which appear to
optimally satisfy all of the above conditions.

In the framework presented in this Review, the antiferromagnetic
correlations come about through the Lindhard function—that is,
the response of the non-interacting itinerant electron system to a
space- and time-dependent applied magnetic field—but, crucially,
as enhanced by an appropriate effective (molecular) field. This
approach is most appropriate to the description of delocalized qua-
siparticles not too close to a metal–insulator transition. Another
approach considers localized models of magnetism in which antifer-
romagnetic correlations can arise and also lead to d-wave super-
conductivity (see refs 76–80 for recent discussions). These two
approaches are normally associated with itinerant versus localized
models of magnetism, and are most naturally suited to the ‘over-
doped’ and ‘under-doped’ states of the copper oxides, respectively.
The detailed understanding of the similarities and differences of these
approaches to magnetically mediated superconductivity would be a
major step forward.

The possibilities seem endless
In electrodynamics, the dimensionless coupling constant, which is a
measure of the relative strength of the interaction, is 1/137 and hence
small, leading only to minor corrections to the polarizer–analyser
framework of the Coulomb interaction described earlier. The corres-
ponding relevant dimensionless coupling constants characterizing
the strength of the induced interaction (equation (2)) are likely to
be much larger and possibly of order unity in real materials of interest
here. It would therefore not be surprising if the lowest order inter-
action (equation (2)) fails to capture some essential physics. What is
surprising is that it has led to so many useful insights and provided
guidance in the searches for novel phenomena, some of which have
proved to be fruitful.

The model interaction (equation (2)) was derived on the assump-
tion that the characteristic amplitudes of the molecular fields are
small. However, this is an unnecessary restriction, as the average over
a gaussian distributed molecular field can now be carried out numeri-
cally by well-established Monte Carlo sampling techniques. One
finds that when the characteristic dimensionless coupling constant
is of order unity or greater, the model interaction (equation (2))
indeed fails to capture essential physics81,82.

The quasiparticle-pairing problem where equation (2) ceases to be
valid has not been studied in detail. At the level of approximation
represented by equation (2), there is no fundamental difference in the
various interaction channels (for example, density versus magnetic)
in that, given the right conditions, they could all lead to robust
forms of pairing. An understanding of the conditions favourable
for high-temperature superconductivity cannot be obtained without
considering the corrections to the simple theory81,82. This raises
the question of whether one particular channel of interaction may
be singled out by these higher corrections. In the preliminary non-
perturbative (Monte Carlo) calculations, one finds that the magnetic
interaction is enhanced by the higher order corrections, while the
density interaction is reduced at least for the range of parameters
considered. In this context, we note that in quantum electrodynamics
the analogous corrections lead to an enhancement of the magnetic
moment of the electron and therefore an enhancement of its mag-
netic coupling to the Maxwell field. The smallness of the enhance-
ment in this latter case is due to the very weak coupling of the
Maxwell field to the electron, in contrast to the case of the magnetic
molecular field for which the corresponding enhancement can be
substantial. These and previously mentioned features point to the
special nature of spin in quantum mechanics, and may distinguish
and favour the magnetic interaction over other interaction channels
in the strong coupling limit.

The above non-perturbative treatment represents only one of
many possible extensions of the model discussed in this Review for
superconductivity without phonons. The richness of behaviour at
even the simplest level of approximation points to the utmost
importance of tuning material properties, and leaves no doubt that
many more surprises are in store.
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Figure 7 | Proximity to a ferromagnetic instability. Temperature–pressure
phase diagram of the ferromagnetic superconductor UGe2 (refs 27, 64, 65).
The upper blue line corresponds to a ferromagnetic instability (analogous to
the antiferromagnetic instability in Fig. 4) and the lower blue line to a
metamagnetic instability with low critical end point (analogous to the
density transition in Fig. 4). In this system, there is only one
superconducting dome on the border of metamagnetism (a sudden change
in the magnitude of the magnetization and density). A second
superconducting dome is not observed on the border of the ferromagnetic
transition. The strong first order nature of this transition, in contrast to the
metamagnetic transition, leads one to expect relatively weak magnetic
fluctuations and hence a weak magnetic pairing interaction.
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Fig. 1: Cuprate temperature-doping phase diagram. Long-range antiferromagnetic order (solid 

green line) gives way to superconductivity (solid blue line) near  = 0.05. Orange diamonds 

designate dopings where quantum oscillations have been observed previously[52, 53], and 

stars denote the new dopings presented in this paper. Short-range antiferromagnetic order 

(green diamonds) terminates at a quantum critical point at  = 0.08 [46, 54]; beyond 

 = 0.08, short-range charge order onsets above ܶ (solid black diamonds [15, 27]). The 

charge order, the onset of the pseudogap (as defined by neutron spin-flip scattering (open red 

circles)[12], the polar Kerr effect (open red diamonds[13]), and the change in the slope of 

resistivity with temperature (open red triangles[55])) terminate near  = 0.18, suggesting the 

possibility of a quantum critical point at this doping. Two thermodynamic quantities show 

enhancement near the critical dopings: the jump in the specific heat at ܶ(ȟߛ, maroon 

diamonds [40, 41]), and the upper critical field (ܪଶ, purple points [39]). 
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FIG. 1. Symmetrized data for (a) a Tc=82K over-
doped sample and (b) a Tc=83K underdoped sample at the
(", 0) ! (", ") Fermi crossing at five temperatures, compared
to the model fits described in the text.
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Figure 2: The log-log plot of the superfluid density Us Ł Zps
2 vs Vdc Tc for both the a-b planes and 

the c axis for a variety of cuprates (Tables 1 and 2). Within error, all of the data fall on the same 
universal (dashed) line with slope of unity, defined by Us = 120 Vdc Tc; the dotted lines are from Us 
= (120 ± 25) VdcTc.  
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The extend of the Cooper pairs phase fluctuations regime 
 Nernst effect (Ong, Behnia), transport (Rullier-Albenque, 
Sebastian), Squid spectroscopy (Lesueur)…
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Figure 1: Magnetic field resilience of zero resistivity superconductivity, coexistence of
quantum oscillations with superconductivity, phase diagram of YBa2Cu3O6+x. a-b Finite
in-plane electrical resistivity onset magnetic field µ0Hr as a function of applied static
magnetic field at different fixed temperatures and currents I indicated by circles (here,
a current of I = 1 mA corresponds to a current density of j ⇡ 1 A·cm�2), obtained
from Fig. 2. Dashed line represents Hr obtained from pulsed magnetic fields reported
in ref.3 c. Quantum oscillations in hysteretic magnetic torque from vortex pinning coin-
cident with zero electrical resistivity regime up to µ0Hirr ⇡ µ0Hr > 45 T at T = 0.04 K,
and below µ0Hirr ⇡ µ0Hr ⇡ 30 T at T = 1.0 K; similarly sized quantum oscillations
(inset) span finite resistive regime above 30 T at T = 1.0 K. d. Phase diagram as a
function of hole doping from Figs. 3, 4. Pairing correlations (To) at 0 T (open diamonds)
and 45 T (filled diamonds), Tc at 0 T and 45 T (filled circles), long range charge order
(TCDW) at 45 T (downward triangles) from Fig. 3. ‘SR CDW’ region denotes short-
range charge density wave correlations from x-ray diffraction experiments.50 Shaded
red denotes pseudogap T

⇤ temperature. T
⇤ points (diamonds) correspond to broken

symmetry detected in resonant ultrasound symmetry55 and optical anisotropy mea-
surements.56 Open circles show quantum critical points identified in quantum oscilla-
tion measurements5,57
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FIG. 2. (Color online) Nernst coe�cient ⌫ of YBCO at a
hole doping of p=0.12, plotted as ⌫ /T versus temperature T
for di↵erent magnetic fields (H =1T to 15T), as indicated.
The thermal gradient is applied in the b direction of the
orthorhombic crystal structure. Data are reproduced from
Ref. [20]. (a) The vertical line marks the superconducting
transition temperature at H =0, Tc =66.0K. (b) Zoom near
Tc, to show how Tmin is defined: it is the temperature at
which the Nernst signal at H =1T goes through a minimum,
at the foot of the large positive peak due to superconductiv-
ity. (c) Zoom at high temperature, where only quasiparticles
contribute to the Nernst signal. T⌫ (arrow) is defined as the
temperature below which ⌫(T ) /T starts to deviate down-
wards from its high-temperature linear behaviour.

positive Hall coe�cient.

At low temperature, the magnitude of the quasiparticle
Nernst signal is given approximately by [22–24]:
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where ⌫⌘N /H is the Nernst coe�cient, H is the mag-
netic field, T is the temperature, kB is Boltzmann’s con-
stant, e is the electron charge, µ is the carrier mobil-
ity, and ✏F is the Fermi energy. Eq. 2 works remarkably
well as a universal expression for the Nernst coe�cient
of metals at T ! 0, accurate within a factor two or so in
a wide range of materials [22]. It explains why a phase
transition that reconstructs a large Fermi surface into
small pockets (with small ✏F) can cause a major enhance-
ment of ⌫. The heavy-fermion metal URu2Si2 provides
a good example of this. As the temperature drops be-
low its transition to a metallic state with reconstructed
Fermi surface at 17K, the carrier density n (or ✏F) falls
and the mobility rises, both by roughly a factor 10, and
⌫ /T increases by a factor 100 or so [33]. Note that the
electrical resistivity ⇢(T ) is a↵ected only weakly by these
dramatic changes [34], since mobility and carrier den-
sity are modified in ways that compensate in the con-
ductivity �=1/ ⇢=neµ. This is why the Nernst e↵ect
can be a more sensitive probe of electronic transforma-
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FIG. 3. (Color online) Temperature-doping phase diagram
of YBCO, showing three characteristic temperatures. The
transition temperature Tc (open black circles) marks the on-
set of superconductivity in zero magnetic field, below which
the electrical resistivity is zero. The solid black line is a
guide to the eye through the Tc data points. The dotted
black line is a smooth extension of this line assuming that
the superconducting phase ends at a critical doping pc =0.27.
Blue diamonds mark Tmin (defined in Fig. 2(b)), the tem-
perature below which superconducting fluctuations become
significant (from a-axis data in Ref. [20]). The open diamond
shows Tmin for a previously measured sample with p=0.1 [30].
The solid blue line is a guide to the eye. Red circles mark
T⇢, the temperature below which the resistivity ⇢(T ) devi-
ates from its high-temperature linear dependence (from data
in Ref. [12]), a standard definition of the pseudogap tem-
perature T

? in YBCO [31] (see Fig. 5(a)). The open red
circle shows T⇢ for a sample with p=0.18 in which a high
level of disorder scattering was introduced by electron irradi-
ation [32]. In this case, T⇢ marks the onset of an upturn in
⇢(T ) (see text). Red squares mark T⌫ (defined in Fig. 2(c)),
the temperature below which the quasiparticle Nernst signal
departs from its high-temperature behaviour (from present
work and Ref. [20]). One can see that within error bars,
T⌫ 'T⇢, both measures of T ?. The red dashed line is a lin-
ear fit through the T

? data points. Beyond p=0.18, it is a
guide to the eye extending smoothly to reach p= p

? at T =0
(red diamond). p

? is the critical doping where the pseudo-
gap phase ends at T =0 in the absence of superconductivity.
In YBCO, p? =0.195± 0.005 [6]. The grey band marks the
range of T

? values measured in Bi-2212 from spectroscopic
probes (ARPES, STS and SIS) [15], detected up to p' 0.22.

tions, such as density-wave transitions, than the resis-
tivity. Here we use it to study the pseudogap phase of
cuprate superconductors. In Fig. 1, we illustrate how the
two contributions to the Nernst coe�cient, from quasi-
particles (red) and superconducting fluctuations (blue),
respectively, evolve with temperature, for YBCO (left)
and LSCO (right).

Cyr-Choignière et al , (2017)
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Figure 8. Temperature dependence of the Hall coefficient RH calcu-
lated with our model self-energy for several Tcs and for the ADMR
Fermi surface12. Results should be compared with Fig. 7. The figure
illustrates how decreasing doping (increasing Tc or ! or anisotropy
of the self-energy) leads to a large change in the magnitude of the
temperature dependence. All results are obtained for the same Fermi
surface and only the anisotropy of the self-energy is changed. Ar-
rows shown in the lower right indicate the weak dependence on the
band structure change with doping, indicating the absolute shift of
the zero temperature value of RH (Tc = 0) for two different dopings
(p = 0.15 and p = 0.30) as given by a rigid band shift.

D. Hall angle

The Hall angle is defined by

cot !H(T ) !
Re"xx

"(1)
xy

=
#xx(T )

RH(T )Bz
. (32)

Since our model can describe the temperature dependence of
the intra-plane resistivity and Hall coefficient, as we showed
above, it must also describe the Hall angle. Here, we exam-
ine the temperature dependence of cot !H in order to point
out that the observed T 2 dependence of cot !H (cf. Figure 9)
naturally follows from our model self-energy and that there is
therefore no need to evoke more exotic theories in order to ex-
plain the qualitatively distinct temperature dependence of #xx
and cot !H .

Experimental data and our results are shown in Fig. 9 and
provide additional support for our model self-energy. In par-
ticular, the linear dependence of cot !H on T 2 supports the
T 2 dependence of the isotropic part of self-energy or scat-
tering rate in the nodal direction. That is because cot !H is
dominated by the isotropic part (!!!

FL), while it suppresses
the anisotropic part (!!!

AMFL) of the self-energy. This point
was previously emphasized by Carrington et al.,49 Ioffe and
Millis50 and by Stojkovic and Pines48 (see also Ref. 51). To
show this more explicitly, we use a similar expression to the
one in Eq. (31), approximate fH($) and fDC($) with a con-
stant, and perform the integrals over $. This leads to

cot !H " #!!!
FL(0)[1 +

!!!
FL(0)

!!!
FL(0) + !!!

AMFL(0, 0)
]"1. (33)

It turns out that the temperature dependence of cot !H is dom-
inated by the first factor, because the second factor is weakly
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Figure 9. Temperature dependence of the Hall angle cot "H . (Top)
Experimental data show that cot "H has a linear dependence on T 2

and a weak doping dependence. A similar dependence is found for
our model (Bottom), where the linear dependence of cot "H on T 2

comes predominantly from the Fermi liquid like scattering (!!!

FL) that
gives the scattering rate on the nodal part of the Fermi surface (which
also gives the dominant contribution to the Hall conductivity, see Fig.
5). (Top) The Inset shows a small down-turned deviation from the T 2

dependence of cot "H at low T (for Tc = 15 K). This is also obtained
within our model (bottom inset), although not as pronounced as in the
experimental data. Experimental data for Tc = 10 K and 50 K are
from Ref. 17. Tc = 15 K data is from Ref. 18 and Tc = 25 K data
is from Ref. 20. Our model results are calculated with the ADMR
Fermi surface.

temperature dependent. For more details see Appendix C.
Hence, the Hall angle is dominated by isotropic scattering or
by the region on the Fermi surface with the weakest scattering
or the longest mean-free-path, while the effect of anisotropic
scattering is suppressed. Further suppression of anisotropic
part comes from the anisotropy of fH($), which is larger in
the nodal and smaller in the antinodal direction.

Although the effect of !!!
AMFL on cot !H is small (note T 2

dependence in Fig. 9), it still changes the pure T 2 dependence
of cot !H to T n with n ! 2. Values of n < 2 were actually
observed in YBCO (Ref. 52) and Bi2201 (Ref. 51 and 53)
where n changes from $ 1.8 in the optimal or underdoped
regime to n $ 1.6 in the overdoped regime. Our model pre-
dicts n = 2 in the highly overdoped regime where the AMFL
part of the self-energy is zero, but could predict n < 2, if the
smoother high-frequency cutoff were introduced. This would

Phase diagram 

AFM suppressed with the addition 
of only a few percent of holes. 
 
Superconductivity emerges at a hole 
concentration p ~ 0.05. 
 
Maximum Tc occurs at an optimal 
doping of p = 0.16. 
 
Superconductivity vanishes again 
around p > 0.30. 
 
Dip in Tc also seen around p = 0.125 
– so-called 1/8-anomaly. 
 
Normal state phase diagram 
dominated by strange metallic 
phase and the pseudogap. 

ͻ Their transition temperatures are anomalously high 
 

ͻ Their superconducting order parameter is unconventional (d-wave) 
 

ͻ The superconductivity emerges out of a highly correlated insulating state 
 

ͻ Their normal metallic state is unlike anything that has been seen before 
 

Tab 10~ DDU �

Martin et al., Phys. Rev. B (1990) 

Bi2+xSr2-xCuO6+G 

Ando et al., Phys. Rev. B (1999) 

Bi2+xSr2-xLaxCuO6 

Why are high temperature superconductors interesting?  

Strong T-dependence over a very wide temperature and doping range. 
What does it signify? 

Hall effect in hole-doped cuprates 

, 

Hwang et al., PRL 72 2636 (94) 
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The phase diagram
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 The phase diagram
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Fractionalization of a Pair Density Wave

Modulated particle-particle pair :

PDW fractionalization :

Uniform particle-particle pair :

Modulated particle-hole pair :

Phase transformation :

Charge (2)

Translation symmetry

Ansatz : + constraint

 Fractionalization of a Pair Density Wave
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From PDW to entangled preformed pairs

with

With coupling to electromagnetic field (     ) :

with

From fractionalized PDW to entangled preformed pairs
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Meissner efect.
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FIG. 5. (Color online) Infinite ladder series corresponding re-
spectively to the gap equations (16) for diagram a) and(18)for
diagram b).

B. Charge and SC decoupling

We can now decouple the second term in Eqn. (15) in
the charge and SC channels, which leads to two types of
gap Equations

• In the charge channel, the Hubbard-Stratonovich
decoupling of Eqn. (15) leads to the effective action

S
eff
� =

ˆ
k,k0,q

(J�1
q �k,k0�k+q,k0+q

+ �k,k0

X

�

 
†
k+q,� k0+q,�

+ �k+q,k0+q

X

�

 
†
k,� k0,�),

where �k,k0 =
DP

�  
†
k,� k0,�

E
. Integrating the

fermions out of the partition function and then dif-
ferentiating with respect to � leads to the gap equa-
tion, in the charge sector. Here k0

�k = Q0, where
Q0 is the incommensurate charge modulation vec-
tor:

�k,k0 = ��k0,k+Q0 <T

X

!,q

Jq⇥ (16)

�k+q,k0+q

(i✏+ i! � ⇠k+q)(i✏0 + i! � ⇠k0+q) � �
2
k+q,k0+q

.

• Similar action is derived in the SC channel, with

S
eff
� =

ˆ
k,k0,q

(J�1
q �†

k,k0�k+q,k0�q

+ �†
k,k0

X

�

� k+q,� k0�q,��

+ �k+q,k0�q

X

�

� 
†
k,� 

†
k0,��), (17)

where �k,k0 = h
P

� � k,� k0,��i, and k0 =
�k. We get the standard SC gap equation
(�k = �k,�k) :

�k = T

X

!,q

Jq
�k+q

�2
k+q + ⇠

2
k+q + (✏+ !)2

, (18)

a)

b)

c) d)

e) f)

FIG. 6. (Color online) Solution of the gap equations from
Eqns. (16) and (18) for various modulation wave vectors with
a) the diagonal wave vector (Q0, Q0) linking two hot spots,
b) the axial wave vector (Q0, 0) and c) (0, Q0) which are ob-
served experimentally, d) the AF wave vector (⇡,⇡) and e)
the null wave vector. The solution of the SC gap equation
is given in f). The calculations are made on the band struc-
ture of Bi2212 form Ref.115 (see details in the text for the
band parameters). The calculations are made within the ap-
proximation Jq = J� (q), with J = 0.35, which restricts the
q-integration at the vector (⇡,⇡). The energy units, if not
stated otherwise, are in eV.

Throughout the paper, if not stated otherwise, the cal-
culations are made for Bi2212, with a band structure
taken from Ref.115. Specifically we take

⇠k = 2t1 + t2 (cos kx + cos ky) + 2t3 cos kx cos ky (19)
+ t4 cos 2kx + cos 2ky + t5 (cos 2kx cos ky + cos 2ky cos kx)

+ 2t6 cos 2kx cos 2ky � µ,

with (in eV) t1 = 0.196, t2 = �0.6798, t3 = 0.2368,
t4 = �0.0794, t5 = 0.0343 and t6 = 0.0011. The solu-
tion of Eqns.(16,18) is given in Fig.(6) for various charge
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the vicinity of the Mott transition in two dimensions [18].
Here we argue that the presence of an underlying SU(2)
symmetry in the under-doped region sheds light on the
variety of observed complex phenomena and clarifies the
mysteries of the real space picture. First, we describe
the SU(2) order parameter and its components, then lay
out its derivation from a short-range antiferromagnetic
model, and finally describe the cascade of phase transi-
tions it generates.

SU(2) order parameter — The order parameter we use
to describe the pseudogap is a composite of two famil-
iar ones: the d-wave superconducting state described by
� = c†k,�c

†
�k,��, where c†k,� creates an electron of mo-

mentum k and spin �, and d-wave charge modulations of
momentum Q0, described by � = c†k�Q0/2

ck+Q0/2. The
charge modulation wave vectors are typically incommen-
surate, and taken either parallel to the crystal axes [19] or
diagonal [20, 21] (Figure 2). The SU(2) order parameter
can be cast into the form:

�̂SU2 =

✓
� �

��⇤ �⇤

◆
, (1)

where �2
SU2 = |�|2 + |�|2, which is the constraint en-

forcing the SU(2) symmetry. Since � and � are complex
fields, this constraint can be written as:

�2
SU2 = �2

R + �2
I +�2

R +�2
I . (2)

where the indices denote the real and imaginary parts of
the operators, respectively. In this picture, �SU2 repre-
sents the energy scale below which the fluctuations be-
tween the two fields � and � are dominant; this scale
is thus doping dependent. Notice that, by construction,
this composite SU(2) order parameter is non-abelian.

Topological consequences — At every oxygen doping x,
equation (2) describes a three dimensional hypersphere
S3 in a four-dimensional space, which can be described
by an O(4) non-linear �-model [21]

S =

ˆ
d2x

X

↵=1,4

1

2

"
⇢

T
(@µn↵)

2 +
X

↵

m↵n
2
↵

#
, (3)

where ↵ = 1, 4 are the four-component vector subject
to the constraint n2 = 1, with n1,2 = �I ,�R, n3,4 =
�I ,�R, with � = �/�SU2, � = �/�SU2 and the sign
of the masses m↵ depending on the presence or absence
of an applied amgnetic field. In the specific context of
the S3 sphere, no topological defect is generated, since a
careful examination of the corresponding homotopy class
gives ⇡2

�
S3

�
= 0 [22]. Here, we argue that the presence

of disorder in cuprates compounds, and coupling of the
order parameter ot the lattice, provides a freezing effect
on the phase of the charge modulations, which reduces
the phase to a few integer values ±i⇡/n, with n and inte-
ger and effectively reduces the fluctuations space from S3
to S2⇥Z2n at T ⇤. The order parameter given in Eqn.(1)

can be understood as a non-abelian superconductor : at
T ⇤ it aquires a non zero amplitude, but at the same time
one of its phase is frozen due to the presence of disorder
in the compound. The pseudogap phase is thus charac-
terised by �2

SU2 = �2 +�2
R +�2

I , and the effective non
linear �-model becomes O(3) with n1 = n2. The space
of the fluctuations is depicted in Fig. [rentrer la ref à
la figure]. where two fluctuating hemi-spheres have been
shown; Z2n has been reduced to Z2 for the clarity of the
representation, with phase +1 and �1 corresponding to
the upper and lower hemi-spheres, respectively. The sec-
ond homotopy class in the pseudogap phase gives now
⇡2

�
S2

�
= Z, which yields the spontaneous generation of

skyrmions [23]. Those are actually half skyrmions, also
called merons corresponding to a variation of the vector n
over one hemisphere in Fig. 1. They take two equivalent
typical forms, of a edgehog and vortice, and the prolifera-
tion pattern involves meron/anti-meron pairs. Note that,
contrarily to the magnetic skyrmions observed in mag-
netic systems (see e.g. [24]), here the topological struc-
ture acts on the pseudo-spin sector, with the three axes
of quantization (Sx, Sy, Sz) corresponding respectively to
(�R,�I ,�) (Figure 1). The choice of the quantization
axis z to be parallel to the charge modulation parameter
� is arbitrary but convenient, since the superconducting
phase then corresponds to a simple easy plane situation
(Figure 1).

Below Tc, superconducting vortices have been mea-
sured to bear a very specific structure where charge mod-
ulations are observed at the core [25]. This corresponds
to a pseudo-spin skyrmion where at the core the pseudo
spin is oriented along the z-axis, producing charge modu-
lations while the superconductivity order parameter van-
ishes (Figure 3). The energy associated to the creation
of this vortex is intrinsically of the order of the energy
splitting between the superconducting and charge mod-
ulation orders, which is precisely the typical energy scale
of the superconducting coherence �c ⇠ 1

2kBTc. Hence
pseudo-spin skyrmion vortices will proliferate around Tc

in the under-doped region of the phase diagram, acting as
a Kosterlitz-Thouless (KT) transition towards the pseu-
dogap state [26, 27].

Derivation of the order parameter — In this picture,
the starting point is that, above x ' 5% of oxygen dop-
ing, short range antiferromagnetic interactions, strongly
coupled to conduction electrons, are the main ingredient
of the physics of the cuprates. This leads to the most
simple Hamiltonian:

H =
X

i,j,�

c†i,�tijcj,� + J
X

hi,ji

Si · Sj (4)

where tij is the hopping matrix from one site to another,
Si =

P
↵,� c

†
i,↵�↵�ci� the on-site spin operator and hi, ji

denotes the summation over nearest neighbors.
Decoupling the interaction term into the charge and

superconducting channels � and � defined above, yields
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<i,j>
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(RVB) state) and the lower scale arising due to the super-
conducting fluctuations. Importantly in our paper, the PG
is associated to only one energy scale, visible as coherence
peak in STM or ARPES and pair-breaking peak in Raman
spectroscopy at roughly the same energy. This single energy
scale acquires its definition for temperatures below T ⇤. In our
view, the higher energy hump seen in ARPES or Raman spec-
troscopy is not an independent energy scale and is possibly
related to the coupling of fermions to a collective mode.22–26

B. Prescription of two kinds of preformed pairs

One of the recent developments in the physics of cuprate
superconductors is the ubiquitous observation of Charge Den-
sity Modulations (CDM) in the underdoped regime. It was
first observed by STM in the superconducting phase, as mod-
ulations inside the vortex core.27–31 Observation of quan-
tum oscillations,32,33 X-ray34–39 and NMR measurements40–43

have completed the picture. The 2D CDM have a predom-
inantly d-wave symmetric form factor31,44 and lives on the
Cu-Cu bonds in a one band picture. In contrast to the uni-
versal features of the T ⇤ line, both the charge order and the
superconducting ground states are affected by non-magnetic
impurities like Zn45,46 and pressure.47–49

There is substantial evidence that the competition between
the two orders is not of the usual Ginzburg Landau type with
two independent energy scales.50 Upon application of a high
magnetic field, the 2D CDM get stabilized into a 3D uni-axial
long range order in YBa2Cu3O6+x (YBCO)38,39,51 below a
temperature T 3D

co of similar magnitude as Tc. The similarity
of T 3D

co and Tc in the underdoped regime already indicates that
the two orders are nearly degenerate in energy. The competi-
tion is also noticeable at zero or low magnetic field, where the
amplitude of the charge modulation is shown to be maximal
at Tc,52 forming a coherent superposition with superconduc-
tivity (or super-solid) below Tc down to T = 0.27,36,37,42 Very
recently, a new feature emerges in Raman spectroscopy which
reports for the first time a precursor gap in the charge (particle-
hole) channel, observed as a peak in the B2g response of
the cuprate compounds HgBa2Ca2Cu3O8+� (Hg-1223)53 and
HgBa2CuO4+� (Hg-1201).54 It is shown that the spectral gap
associated to the charge order is of the same order of magni-
tude as the superconducting gap, and that both gaps behave in
a similar way with doping, following T ⇤ rather than Tc. This
very intriguing experiment is calling for a reconsideration of
the scenario of preformed pairs, but with two kinds of pre-
formed pairs in competition, in the particle-particle (p-p) and
particle-hole (p-h) channels. Due to the near degeneracy, the
system hesitates energetically between forming p-p and p-h
pairs. However, there is only one energy scale characterizing
the PG state, suggesting that the two preformed pairs are en-
tangled and not simply competing with two different energy
scales.

On a different side, there are growing experimental indi-
cations that the PG phase sustain a ‘true’ symmetry broken
state. Resonant ultrasound spectroscopy55 reports a thermo-
dynamic phase transition at T ⇤ associated with the emergence

FIG. 1. Schematic representation of the square planar Cu lattice
with both �ij and �ij living on nearest neighbor bonds hiji (Cu-
Cu bonds). The site j can be either of the four nearest neighbors of i
whose coordinates are rj = ri + � with � = ±ûx or ± ûy where û
is the lattice translational operator. The operator d̂ gives the d-wave
character with d̂ = 1 for � = ±ûx and d̂ = �1 for � = ±ûy . We
have constructed the continuum field theory in Sec. II using a coor-
dinate system on the midpoints of the bonds, r = (ri + rj)/2. The
midpoints are shown as orange dots with ‘+’ and ‘-’ indicating the
d-wave character of the bonds. These midpoints constitute a tilted
square lattice (shown with dotted lines) with an ‘anti-ferromagnet’
like arrangement.

of the PG phase. STM,56,57 anomalous Nernst effect,58 torque-
magnetometry59 and polarized neutron diffraction60 measure-
ments all indicate that the four-fold (C4) rotational symme-
try is broken at T ⇤. In addition, polarized elastic neutron
scattering61,62 and optical second harmonic generation63 mea-
surements suggest that the time reversal symmetry and parity
can be further broken at T ⇤. All of these indicate that there
can be intra-unit cell Q = 0 (translational symmetry preserv-
ing) orders developing at T ⇤. None of these Q = 0 orders can
explain the opening of a gap in the AN region in the fermionic
spectrum or the existence of a finite Q charge order at lower
temperatures.

To add to this complexity, a Cooper-pair density wave
(PDW) order is recently observed in the halo64,65 surrounding
the vortex core in the cuprate compound Bi2Sr2CaCu2O8+�

(BSCCO). The modulation wave vector of this PDW seems to
be intimately connected to the charge modulation wave vec-
tor. Moreover, there is a striking phase coherence66 between
the field-induced charge order observed at halo regions sur-
rounding different vortices.

The PG phase thus behaves like a ‘Frankenstein’ crea-
ture showing numerous different puzzling properties which
seems apparently disconnected to each other. A the-
ory that coherently connects all of these phenomenolog-
ical features is a need of the hour. In this ende-
vour, we postulate that the PG state is an ‘entangled’67

state of preformed Cooper pairs
⇣
�ij ⌘ d̂

P
� �cj��ci�

⌘

  In real space we work on bonds
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2
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fluctuations or amplitude fluctuations are not considered in the
mean-field formalism of this section.

As a minimal model describing quasi-degenerate particle-
particle and particle-hole orders, we consider the following
Hamiltonian in real space with both short-range antiferromag-
netic (AF) and off-site Coulomb interactions:

H =
X

i,j,�

(tij + µ �ij) (c†i,�cj,� + h.c)

+
X

ij

(Jij Si · Sj + Vij ninj) , (28)

where c†i,� (ci,�) is a creation (annihilation) operator for an
electron at site i with spin �, ni =

P
� c

†
i,�ci,� is the number

operator and Si = c†i,↵�↵,�ci,� is the spin operator at site i (�
is the vector of Pauli matrices). Jij is an effective AF coupling
which comes for example from the Anderson super-exchange
mechanism. The constraint of no double occupancy typical of
the strong Coulomb onsite interaction is implemented through
the Gutzwiller approximation123 by renormalizing the hoping
parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates124and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
k,�  

†
k,�G

�1(k) k,� , where
 k,� = (ck,�, c

†
�k,�̄, ck+Q,�, c

†
�k+Q,�̄) and

G�1(k,!) =

0

BB@

! � ⇠k �k �k 0
�⇤

k ! + ⇠k 0 ��⇤
k

�⇤
k 0 ! � ⇠k+Q �k+Q

0 ��k �⇤
k+Q ! + ⇠k+Q

1
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. Motivated by experiments, in this section, we consider an
axial wave-vector Q relating two hot spots in the first Brillouin
zone, unless otherwise stated. The issue of the leading charge
instabilities in microscopic models is discussed at length in
the literature. The charge order with axial wave-vector can
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends54 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

be enhanced either by incorporating fluctuations70,125,126 or
considering dynamic exchange interactions127 or an off-site
Coulomb interactions128 as in our model in Eq. (28). Integrat-
ing the fermionic fields and minimizing the resulting action
with respect to either� (precursor gap corresponding to the p-
p pairing or d-SC order) or � (precursor gap corresponding to
the p-h pairing or d-BDW order) leads to the mean-field self-
consistent gap equations. They initially form a set of coupled
equations but for simplicity we will consider the decoupled
equations given by:

�k,! = � 1

�

X

q,⌦

J� (q,⌦)�k+q

(! + ⌦)2 � ⇠2k+q ��2
k+q

, (32)

�k,! = � 1

�

X

q,⌦

J+ (q,⌦)�k+q

(! + ⌦� ⇠k+q) (! + ⌦� ⇠k+Q+q)� �2
k+q

,

(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ck, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ck giving the self-consistent
gap equation,
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends53 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates119and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
k,�  

†
k,�G

�1(k) k,� , where

 k,� = (ck,�, c
†
�k,�̄, ck+Q,�, c

†
�k+Q,�̄) and

G�1(k,!) =

0

BB@
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. In this section, we consider an axial wave-vector Q relat-
ing two hot spots in the first Brillouin zone, unless otherwise
stated. Integrating the fermionic fields and minimizing the
resulting action with respect to either� (precursor gap corre-
sponding to the p-p pairing or d-SC order) or � (precursor gap
corresponding to the p-h pairing or d-BDW order) leads to the
mean-field self-consistent gap equations. They initially form
a set of coupled equations but for simplicity we will consider
the decoupled equations given by:

�k,! = � 1

�

X

q,⌦

J� (q,⌦)�k+q

(! + ⌦)2 � ⇠2k+q ��2
k+q

, (32)

�k,! = � 1

�

X

q,⌦

J+ (q,⌦)�k+q

(! + ⌦� ⇠k+q) (! + ⌦� ⇠k+Q+q)� �2
k+q

,

(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ek, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ek giving the self-consistent
gap equation,

Ek = �
1

�

X

q,!

J⇤
⇣
! +

�⇠k+q

2

⌘
Ek+q

⇣
!2 � ⇠2k+q

⌘ �
! � ⇠k+q+Q

�
�

⇣
! +

�⇠k+q

2

⌘
E2

k+q

,

(34)

where J⇤ = 2J+J�
J++J�

and �⇠k+q = ⇠k+q � ⇠k+q+Q. Mini-
mizing with respect to Ek is equivalent to condensing the field
n+
s defined in Eq. (12). While expressing the action in terms

of the field Ek, we consider that there is no condensation of
n�
s (defined in Eq. (13)) and ignore its contribution.
In order to obtain an estimate of the energy scale associated

with Ek, we solve the gap equations Eqs.(32)-(34) by taking
�, �, � and J± to be momentum and frequency independent.
This leads to only one energy scale corresponding to all the
three gaps �, � and � with J+ ⇡ J� ⇡ J⇤. This can also
be understood if we additionally consider ⇠k+Q ⇡ �⇠k which
gives three identical gap equations. The approximate equality
⇠k+Q ⇡ �⇠k is valid in the AN region for an axial Q vector
connecting two hot spots in the first Brillouin zone. Hence
this alternative way of decoupling does not introduce a new
energy scale.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of�k and �k to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Eqs.(32)-(33) by making a series of approximations
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends53 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates119and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
k,�  

†
k,�G

�1(k) k,� , where

 k,� = (ck,�, c
†
�k,�̄, ck+Q,�, c

†
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. In this section, we consider an axial wave-vector Q relat-
ing two hot spots in the first Brillouin zone, unless otherwise
stated. Integrating the fermionic fields and minimizing the
resulting action with respect to either� (precursor gap corre-
sponding to the p-p pairing or d-SC order) or � (precursor gap
corresponding to the p-h pairing or d-BDW order) leads to the
mean-field self-consistent gap equations. They initially form
a set of coupled equations but for simplicity we will consider
the decoupled equations given by:

�k,! = � 1

�

X

q,⌦

J� (q,⌦)�k+q

(! + ⌦)2 � ⇠2k+q ��2
k+q

, (32)

�k,! = � 1

�

X

q,⌦

J+ (q,⌦)�k+q

(! + ⌦� ⇠k+q) (! + ⌦� ⇠k+Q+q)� �2
k+q

,

(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ek, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ek giving the self-consistent
gap equation,

Ek = �
1

�

X

q,!

J⇤
⇣
! +

�⇠k+q

2

⌘
Ek+q

⇣
!2 � ⇠2k+q

⌘ �
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⇣
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2

⌘
E2
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,

(34)

where J⇤ = 2J+J�
J++J�

and �⇠k+q = ⇠k+q � ⇠k+q+Q. Mini-
mizing with respect to Ek is equivalent to condensing the field
n+
s defined in Eq. (12). While expressing the action in terms

of the field Ek, we consider that there is no condensation of
n�
s (defined in Eq. (13)) and ignore its contribution.
In order to obtain an estimate of the energy scale associated

with Ek, we solve the gap equations Eqs.(32)-(34) by taking
�, �, � and J± to be momentum and frequency independent.
This leads to only one energy scale corresponding to all the
three gaps �, � and � with J+ ⇡ J� ⇡ J⇤. This can also
be understood if we additionally consider ⇠k+Q ⇡ �⇠k which
gives three identical gap equations. The approximate equality
⇠k+Q ⇡ �⇠k is valid in the AN region for an axial Q vector
connecting two hot spots in the first Brillouin zone. Hence
this alternative way of decoupling does not introduce a new
energy scale.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of�k and �k to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Eqs.(32)-(33) by making a series of approximations
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends53 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates119and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
k,�  

†
k,�G

�1(k) k,� , where
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†
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. In this section, we consider an axial wave-vector Q relat-
ing two hot spots in the first Brillouin zone, unless otherwise
stated. Integrating the fermionic fields and minimizing the
resulting action with respect to either� (precursor gap corre-
sponding to the p-p pairing or d-SC order) or � (precursor gap
corresponding to the p-h pairing or d-BDW order) leads to the
mean-field self-consistent gap equations. They initially form
a set of coupled equations but for simplicity we will consider
the decoupled equations given by:

�k,! = � 1

�

X

q,⌦

J� (q,⌦)�k+q

(! + ⌦)2 � ⇠2k+q ��2
k+q

, (32)
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(! + ⌦� ⇠k+q) (! + ⌦� ⇠k+Q+q)� �2
k+q

,

(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ek, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ek giving the self-consistent
gap equation,

Ek = �
1

�

X
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⇣
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(34)

where J⇤ = 2J+J�
J++J�

and �⇠k+q = ⇠k+q � ⇠k+q+Q. Mini-
mizing with respect to Ek is equivalent to condensing the field
n+
s defined in Eq. (12). While expressing the action in terms

of the field Ek, we consider that there is no condensation of
n�
s (defined in Eq. (13)) and ignore its contribution.
In order to obtain an estimate of the energy scale associated

with Ek, we solve the gap equations Eqs.(32)-(34) by taking
�, �, � and J± to be momentum and frequency independent.
This leads to only one energy scale corresponding to all the
three gaps �, � and � with J+ ⇡ J� ⇡ J⇤. This can also
be understood if we additionally consider ⇠k+Q ⇡ �⇠k which
gives three identical gap equations. The approximate equality
⇠k+Q ⇡ �⇠k is valid in the AN region for an axial Q vector
connecting two hot spots in the first Brillouin zone. Hence
this alternative way of decoupling does not introduce a new
energy scale.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of�k and �k to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Eqs.(32)-(33) by making a series of approximations
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antinodal region.

● Electronic spectral function
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when this modulation vector links two parts of the Fermi
surface. The region close to the Brillouin zone diagonal will
thus remain unperturbed by the transition at T ⇤. The elec-
tronic spectral function A (!, k) = � 1

⇡ Im (G (! + i⌘, k))
for ! = 0 and ⌘ ! 0 shows that the ANR is gapped while the
nodal region forms Fermi arcs as shown in Fig.1(b). These
arcs terminate close to the hot-spots. It is important to note
here that the solution of the gap equation Eq.(10) obtained
here differs from the solutions that can be obtained from the
same model for the individual fields�k and �

Q
k .

III. ELECTRONIC DISPERSION IN THE ANTINODAL
REGION

We now look at the reconstructed band structure obtained
from the zeros of G�1(!, k) in the antinodal region. Equiv-
alently we can think of the dispersion as being given by the
hybridization of three bands in a matrix Green’s function :

G
�1(!, k) =

0

@
! � ⇠k | Q

k | | Q
k |

| Q
k | ! + ⇠k 0

| Q
k | 0 ! � ⇠k+Q

1

A , (11)

We thus have an equal superposition of SC and CDW order
in the ANR. The resulting dispersion is obtained by opening
a gap at the crossing between the three non-interacting band
⇠k, the band coming from a superconducting order �⇠k and
a band coming from the modulated order ⇠k + Q as shown
in Fig.1(d). This equal superposition of SC and CDW order
in the antinodal region leads to the observed back-bending in-
dicated by arrows in Fig.2(a), and flat band as a function of
kx for a fixed ky when we consider a modulation wave-vector
Q = (0, Qy) linking two hot-spots.

A. Back bending and flat band

Fixing ky = ⇡ and finding the zeros of G
�1 (!, kx) .

The result is shown in Fig.2(a) and is compared to the mea-
sured dispersion of ref. in Fig.2(b). The bands present several
characteristic features seen experimentally, the first one be-
ing a back-bending of the main band indicated by arrows in
Fig.2(b). This back-bending occurs at a wave-vector greater
than the Fermi wave-vector in the normal state and is one of
the main signatures for the presence of a modulating order in
the ANR.

In our mean-field description, this back-bending appears as
a result of the hybridization between the hole band �⇠k and
the shifted ⇠k+Q band shown by green and blue dotted lines
in Fig.2(a) respectively. As such this back-bending will occur
at momentum bigger than kF as long as ⇠k+Q < ⇠k which
is satisfied for all ky > khs when we choose Q = (0, Qy).
This means that this back-bending will persist below Tc in the
ANR but we will recover a standard back-bending at ky = kF

in the nodal region as the above condition is not satisfied. Sev-
eral cuts closer to the centre of the Brillouin zone are shown
in Fig.2(c) and we can see that the energy of this maximum
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FIG. 2. Energy dependence of the spectral function A (k,!) for cuts
along kx for different constant ky = ⇡ � �ky . The full red line is
the non-interacting dispersion obtain by ARPES while dotted lines
in the first panel indicate the hole-band (red) and the modulated band
(green) which are hybridized due to the presence of the pseudogap.
Blue dots in the second and third panel indicate the experimental
position of the band below T ⇤. There is a non-zero gap even when
getting closer to the node due to a finite SC order present on the
whole Fermi surface.

gets closer to the Fermi level leading to the pseudogap closing
’from below’ as observed experimentally. We also obtain a
second band below the Fermi level that is close to the original
non-interacting band, we will identify this band with the ”flat’
band observed experimentally below Tc and show later that it
can be washed away by considering a simple finite lifetime for
the pairs above Tc.

B. Temperature dependence

Focusing on the change in the spectral function at the zone
edge when the temperature is decreased reveals two unusual
facts. Firstly, between T

⇤ and Tc the band observed by
ARPES show a minimum going down in energy at kx = 0
while the position, in momentum and energy, of the back-
bending does not change as shown in Fig.4(b). Secondly,
below Tc a new band is observed at the bottom of the non-
interacting band and shows very little dispersion along kx.
This ’flat’ band is observed only as a ’shoulder’ in the EDC
signal and is represented by the green dots in Fig.2(b). We
describe here these two facts by augmenting our mean-field
description with two phenomenological ingredients. The first
one is a finite lifetime for both the single-particle excitation
(�0) and both pairs excitation (�1 and �2). These two damp-
ing rates will then go to zero at Tc similarly to the previous
description of the spectral function in underdoped cuprates
of Ref..10 We also consider that when the temperature is de-
creasing, fluctuations of |�Q| are lowered and that it starts to
affect the single-particle excitation when it acquires a long-
range component.

4

1. Pair lifetime and flat band

Our previous description of the band structure in the pseu-
dogap showed a second band situated at the bottom of the non-
interacting band. We connect here this band to the one ob-
served experimentally below Tc and argue that a finite lifetime
for the single-particle and pair excitations lead this band not
being observed above Tc. For this we add three phenomeno-
logical damping rates �0, �1 and �2 in our mean-field Green’s
function :

G
�1 (i!, k) = i! � ⇠k � i�0 �

X

Q2±Qx,±Qy

| Q
k |

2
G̃

Q (i!, k) ,

G̃
Q (i!, k) = (i! + ⇠k + i�1)

�1 + (i! � ⇠k+Q + i�2)
�1

(12)

The two factor �1 and �2 represent the lifetime of particle-
particle and particle-hole pairs respectively and we will take
them to be equal here for simplicity. They are expected to be
non-zero above Tc but to vanish at the transition temperature
when fluctuations are quenched. The first �0 term is a single-
particle lifetime which is always non-zero. The presence of
the pair lifetime �1 strongly reduce the spectral weight of the
flat band while keeping the lower energy band well defined as
shown in Fig.3. Below Tc, �1 vanishes and the flat band be-
come observable but remain broad due to the single-particle
lifetime �0.

FIG. 3. Energy dependence of the electronic spectral function at the
zone edge. (a) without any lifetime �0 = 0 and �1 = 0. We still
use a broadening ⌘ = 0.002 for numerical purposes. (b) In order to
represent a spectra taken at high temperature we turn on a standard
quasiparticle lifetime �0 = 0.2 and a pair lifetime �1 = 0.1. This
lead to the band closer to the Fermi level to be strongly suppressed.

This description provides a good agreement with the experi-
mental observation that the dispersion in the antinodal region
does not change across the superconducting transition. In our
case the energy of the main band does not change and only the
spectral weight of the bands get modified as the pair lifetime
vanish.

2. Evolution of the band structure above Tc

The temperature dependence measured experimentally
for T ⇤

> T > Tc in Fig.4(a) shows a significant change of
the energy of bottom of the band when the temperature is
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FIG. 4. (a) Temperature evolution of the band at the zone edge in
the pseudogap regime. The red line indicates the non-interacting
band above T ⇤. The orange line is the band after the opening of
the pseudogap presenting a back-bending shifted from the original
Fermi momentum kf . When going down in temperature we add a
finite mean-field amplitude for the CDW order and obtain the band
dispersion represented in blue. The back-bending wave-vector and
the gap with respect to the Fermi level are unchanged while the bot-
tom of the band is strongly affected. (b) Experimental measurement
of the band at the zone edge for a range of temperature going from
below Tc to above T ⇤.

decreased while the maximum energy and the back-bending
wave-vector remain unchanged. We describe this change
in the band structure by adding a finite amplitude for the
particle-hole order parameter below a temperature Tco. We
then have three different regions such that at T > T

⇤ we have
free electrons. At T . T

⇤ where the pseudogap has a finite
amplitude but the particle-hole gap is still 0 and at T & Tc

where the particle-hole gap is finite. We then obtain the band
dispersion shown in Fig.4(a). Because the bottom of the
band is directly related to the band coming from the charge
modulation it is directly affected by the non-zero value of
|�Q

k |. In contrast, the back-bending momentum is fixed by
the value of the modulation wave-vector Qy and the energy
of the maximum comes from the hybridization between the
superconducting band �⇠k and the shifted band ⇠k+Q, thus
related to the value of | Q

k |. Note that there are two distinct
phenomena: a phase transition occurs at T ⇤, opening a gap in
the electronic spectra, while the condensation of particle-hole
pairs is a crossover regime which only affects details of the
spectrum. The fact that |�Q| acquire a long-range component
before the |�| is given by the fact that the temperature at
which CDW is observed Tco is higher than the temperature
for SC fluctuations T

0
c. The second phase transition is a Tc

where phase fluctuations are frozen and superconductivity
gaps the remaining of the Fermi surface.

IV. CONCLUSION

We used the recently proposed idea of fractionalized PDW
to construct a mean-field description of the pseudogap phase
of cuprates. The main idea is that even if none of CDW or SC
order develops, the constraint introduced by the fractionaliza-
tion affect the electronic Green’s function. Using a simple
microscopic model we derived a self-consistent equation for
the pseudogap amplitude and showed that it has non-zero so-

• Back bending
• Finite Q > kF
• Closing from below 
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FIG. 2. (Color online). (a) Temperature dependence of the B2g (nodal) Raman responses of HgBa2Ca2Cu3O8+� compound
above Tc = 117 K. (b) The same responses, after subtracting the one at 280 K to highlight the CDW gap structure (dip and
hump). In the inset, we show the CDW hump area as function of temperature. Temperature dependence of the B2g Raman
response of (c) HgBa2CuO4+� (Hg-1201) with Tc =72 K and of (d) YBa2Cu307�� (Y-123) with Tc = 54 K. In the insets, we
display the di↵erence between the Raman responses measured at Tc and the the ones at TCDW.

FIG. 3. (Color online). Theoretical spectral density without
(a) and with (b) CDW order along the (0,⇡) ! (⇡, 0) path
in the first quadrant of the Brillouin Zone. (c) Di↵erence
between the theoretical B2g Raman responses with and with-
out the CDW potential which highlights the dip-hump CDW
feature.

responses calculated with and without the CDW poten-
tial ��

00
B2g

(!) ⌘ �
00
B2g

(!, VCDW)� �
00
B2g

(!, 0). We note
the the dip-hump feature in ��

00
B2g

(!), where the posi-
tion of the hump is ! = 2�CDW ' 1.4t ' !" / 2VCDW,
in qualitative agreement with Fig. 2(b).

Our next goal is to map out the doping dependence of
TCDW(p) and the energy scale �CDW(p). The left panel
of Fig. 4 displays the temperature dependence of the
B2g responses of various Hg-1223 samples, from an under-
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FIG. 4. (Color online). Left panels: Temperature dependence
of the B2g Raman responses of several under-doped Hg-1223.
Tc = 105 K (p = 0.11), Tc = 117 K (p = 0.12), Tc = 127 K
(p = 0.14), and Tc = 133 K (p = 0.16). The doping levels
were estimated from the empirical Presland-Tallon’s law [29].
Right panels: Di↵erence between the SC Raman response at
the lowest temperature and the Raman response at TCDW.
The shaded red form is a guide for the eyes to follow the
doping dependence of the CDW energy gap 2�CDW.

doped (p = 0.11) to an optimally doped (p = 0.16) one.
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fluctuations or amplitude fluctuations are not considered in the
mean-field formalism of this section.

As a minimal model describing quasi-degenerate particle-
particle and particle-hole orders, we consider the following
Hamiltonian in real space with both short-range antiferromag-
netic (AF) and off-site Coulomb interactions:

H =
X

i,j,�

(tij + µ �ij) (c†i,�cj,� + h.c)

+
X

ij

(Jij Si · Sj + Vij ninj) , (28)

where c†i,� (ci,�) is a creation (annihilation) operator for an
electron at site i with spin �, ni =

P
� c

†
i,�ci,� is the number

operator and Si = c†i,↵�↵,�ci,� is the spin operator at site i (�
is the vector of Pauli matrices). Jij is an effective AF coupling
which comes for example from the Anderson super-exchange
mechanism. The constraint of no double occupancy typical of
the strong Coulomb onsite interaction is implemented through
the Gutzwiller approximation123 by renormalizing the hoping
parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates124and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
k,�  

†
k,�G

�1(k) k,� , where
 k,� = (ck,�, c

†
�k,�̄, ck+Q,�, c

†
�k+Q,�̄) and

G�1(k,!) =

0

BB@

! � ⇠k �k �k 0
�⇤

k ! + ⇠k 0 ��⇤
k

�⇤
k 0 ! � ⇠k+Q �k+Q

0 ��k �⇤
k+Q ! + ⇠k+Q

1

CCA .

(31)
Q is the modulation wave vector for the d-BDW order param-
eter. Motivated by experiments, in this section, we consider an
axial wave-vector Q relating two hot spots in the first Brillouin
zone, unless otherwise stated. The issue of the leading charge
instabilities in microscopic models is discussed at length in
the literature. The charge order with axial wave-vector can
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends54 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

be enhanced either by incorporating fluctuations70,125,126 or
considering dynamic exchange interactions127 or an off-site
Coulomb interactions128 as in our model in Eq. (28). Integrat-
ing the fermionic fields and minimizing the resulting action
with respect to either� (precursor gap corresponding to the p-
p pairing or d-SC order) or � (precursor gap corresponding to
the p-h pairing or d-BDW order) leads to the mean-field self-
consistent gap equations. They initially form a set of coupled
equations but for simplicity we will consider the decoupled
equations given by:

�k,! = � 1

�

X

q,⌦

J� (q,⌦)�k+q

(! + ⌦)2 � ⇠2k+q ��2
k+q

, (32)

�k,! = � 1

�

X

q,⌦

J+ (q,⌦)�k+q

(! + ⌦� ⇠k+q) (! + ⌦� ⇠k+Q+q)� �2
k+q

,

(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ck, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ck giving the self-consistent
gap equation,

B2g
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As in Fig. 2, for each compound, TCDW(p) is extracted
from the disappearance of the hump. Similar analysis
was performed on Raman spectra of the Hg-1201 and
Y-123 (shown in Fig. 2 and in the SI, Fig. 8). Our
extracted TCDW(p) matches very well with that obtained
with other techniques, as reported in Fig. 6 of the SI.
This is additional confirmation that the hump feature
highlighted in Fig. 2 is indeed related to the CDW.

Next we focus on the energy scale �CDW(p). Since
an order is fully developed only at zero temperature,
ideally �CDW should be determined from the spectra
at the lowest available temperature. However, in the
cuprates, the situation is complicated by the appearance
of superconductivity. Nevertheless, while the intensity
of the hump has strong T dependence, its position
changes little with temperature, therefore we can still
keep track the CDW hump in the superconducting
phase. Consequently, we can estimate �CDW from
the lowest T superconducting spectra without having
to weaken superconductivity, e.g. with high magnetic
field. Notice that superconductivity gives rise to a
2�N peak in the B2g spectra, which has been widely
studied in previous works [21, 30, 31]. We shall not
consider it here, but rather focus on the CDW hump,
which is better indicated by the shaded red region on
�
00
B2g

(!, T ' 10K)��
00
B2g

(!, TCDW), as displayed in the
right side of Fig. 4. The most striking feature is that,
with increasing p, the 2�CDW energy scale decreases. In
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FIG. 5. (Color online). (a) Doping dependence of �CDW

(filled symbols) and TCDW (open symbols) for Hg-1223 (tri-
angles) and Y-123 (squares) cuprates, showing the unconven-
tional character of the CDW phase. Data for Hg-1223 and
Y-123 cuprates are extracted from Fig. 4 and Fig. 2 and
from the SI (Fig.8). The continuous and doted lines are guide
for the eyes; (b) �CDW, �SC and �PG display the same dop-
ing dependency, in particular �SC and �CDW are close in
energy.

fact, we immediately note that �CDW(p) is monotonic
and does not follow the dome-like shape of TCDW(p)
(see Fig. 5(a)). We also report a similar analysis for the
Y-123 compound (see Fig. 2 and Fig. fig:S3 of SI). In
other words, the transition temperature and the energy
scale associated with the CDW are not proportional
to each other. This is reminiscent of the dichotomy
between the dome-like behavior of the superconducting
Tc (p) and the anti-nodal superconducting gap �SC(p),
which is a hallmark of an unconventional order, i.e. an
instability that cannot be understood within scenarios
of weakly interacting electrons. In Fig. 5(b) we finally
compare the doping dependency of the energy scales
2�CDW(p) with the pseudogap 2�PG(p) and the su-
perconducting 2�SC(p). This latter is measured from
the antinodal B1g response and gives direct access to
the pairing energy scale, contrary to the nodal Raman
2�N, which is strongly dependent on the length of the
Fermi arcs around the nodes [21]. For the Hg-1223
compound 2�SC(p) and 2�PG(p) are extracted from the
B1g Raman response reported in Fig. 7 (a) and (b) of the
SI and elsewhere [32, 33]. One remarkable point is that
2�CDW(p), 2�SC(p) and 2�PG(p) have the same doping
dependency which suggests that all these three energy
scales are governed by the same electronic interaction.
Equally remarkable is the fact that �CDW(p) ⇡ �SC(p)
over a significant doping range. Such near equality of
energy scales is an essential perquisite to relate CDW
and superconductivity by an emergent approximate
symmetry, as it has been proposed in several recent
theories [1, 4–9]. Consequently, our finding will provide
important impetus to theories that propose an intimate
link between high temperature superconductivity and
CDW in the under-doped cuprates.
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends53 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates119and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
k,�  

†
k,�G

�1(k) k,� , where
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. In this section, we consider an axial wave-vector Q relat-
ing two hot spots in the first Brillouin zone, unless otherwise
stated. Integrating the fermionic fields and minimizing the
resulting action with respect to either� (precursor gap corre-
sponding to the p-p pairing or d-SC order) or � (precursor gap
corresponding to the p-h pairing or d-BDW order) leads to the
mean-field self-consistent gap equations. They initially form
a set of coupled equations but for simplicity we will consider
the decoupled equations given by:
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�

X
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J� (q,⌦)�k+q
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,

(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ek, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ek giving the self-consistent
gap equation,

Ek = �
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⌘
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(34)

where J⇤ = 2J+J�
J++J�

and �⇠k+q = ⇠k+q � ⇠k+q+Q. Mini-
mizing with respect to Ek is equivalent to condensing the field
n+
s defined in Eq. (12). While expressing the action in terms

of the field Ek, we consider that there is no condensation of
n�
s (defined in Eq. (13)) and ignore its contribution.
In order to obtain an estimate of the energy scale associated

with Ek, we solve the gap equations Eqs.(32)-(34) by taking
�, �, � and J± to be momentum and frequency independent.
This leads to only one energy scale corresponding to all the
three gaps �, � and � with J+ ⇡ J� ⇡ J⇤. This can also
be understood if we additionally consider ⇠k+Q ⇡ �⇠k which
gives three identical gap equations. The approximate equality
⇠k+Q ⇡ �⇠k is valid in the AN region for an axial Q vector
connecting two hot spots in the first Brillouin zone. Hence
this alternative way of decoupling does not introduce a new
energy scale.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of�k and �k to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Eqs.(32)-(33) by making a series of approximations
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends53 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates119and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. In this section, we consider an axial wave-vector Q relat-
ing two hot spots in the first Brillouin zone, unless otherwise
stated. Integrating the fermionic fields and minimizing the
resulting action with respect to either� (precursor gap corre-
sponding to the p-p pairing or d-SC order) or � (precursor gap
corresponding to the p-h pairing or d-BDW order) leads to the
mean-field self-consistent gap equations. They initially form
a set of coupled equations but for simplicity we will consider
the decoupled equations given by:
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(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ek, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ek giving the self-consistent
gap equation,
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where J⇤ = 2J+J�
J++J�

and �⇠k+q = ⇠k+q � ⇠k+q+Q. Mini-
mizing with respect to Ek is equivalent to condensing the field
n+
s defined in Eq. (12). While expressing the action in terms

of the field Ek, we consider that there is no condensation of
n�
s (defined in Eq. (13)) and ignore its contribution.
In order to obtain an estimate of the energy scale associated

with Ek, we solve the gap equations Eqs.(32)-(34) by taking
�, �, � and J± to be momentum and frequency independent.
This leads to only one energy scale corresponding to all the
three gaps �, � and � with J+ ⇡ J� ⇡ J⇤. This can also
be understood if we additionally consider ⇠k+Q ⇡ �⇠k which
gives three identical gap equations. The approximate equality
⇠k+Q ⇡ �⇠k is valid in the AN region for an axial Q vector
connecting two hot spots in the first Brillouin zone. Hence
this alternative way of decoupling does not introduce a new
energy scale.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of�k and �k to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Eqs.(32)-(33) by making a series of approximations
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends53 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates119and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
k,�  
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�1(k) k,� , where
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. In this section, we consider an axial wave-vector Q relat-
ing two hot spots in the first Brillouin zone, unless otherwise
stated. Integrating the fermionic fields and minimizing the
resulting action with respect to either� (precursor gap corre-
sponding to the p-p pairing or d-SC order) or � (precursor gap
corresponding to the p-h pairing or d-BDW order) leads to the
mean-field self-consistent gap equations. They initially form
a set of coupled equations but for simplicity we will consider
the decoupled equations given by:
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(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ek, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ek giving the self-consistent
gap equation,
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(34)

where J⇤ = 2J+J�
J++J�

and �⇠k+q = ⇠k+q � ⇠k+q+Q. Mini-
mizing with respect to Ek is equivalent to condensing the field
n+
s defined in Eq. (12). While expressing the action in terms

of the field Ek, we consider that there is no condensation of
n�
s (defined in Eq. (13)) and ignore its contribution.
In order to obtain an estimate of the energy scale associated

with Ek, we solve the gap equations Eqs.(32)-(34) by taking
�, �, � and J± to be momentum and frequency independent.
This leads to only one energy scale corresponding to all the
three gaps �, � and � with J+ ⇡ J� ⇡ J⇤. This can also
be understood if we additionally consider ⇠k+Q ⇡ �⇠k which
gives three identical gap equations. The approximate equality
⇠k+Q ⇡ �⇠k is valid in the AN region for an axial Q vector
connecting two hot spots in the first Brillouin zone. Hence
this alternative way of decoupling does not introduce a new
energy scale.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of�k and �k to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Eqs.(32)-(33) by making a series of approximations
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breaking C4 symmetry (nematicity), time reversal sym-
metry (TR) and creating loop currents. The reasoning
follows the steps of earlier works [134–136]. Another con-
sequence of this double stage freezing of the phase is that
the phase slip associated to the charge ordering is now
sti↵ and related to the phase of the superconductor. This
very unusual situation promises to open space for future
experimental verifications.

3.3. What can this work explain?

The main idea of this work is to have two sets of pre-
formed pairs, one in the particle-hole channel, that we
called “bond excitons”, and one in the particle-particle
channel-the Cooper pairs that become entangled at T

⇤.
The freezing of the entropy down to T = 0 then follows
its own route showing cascade of phenomenon occurring
at di↵erent temperatures. The notion of preformed pairs
shall be distinguished from the typical scenario of phase
fluctuations [42, 48] around a mean field amplitude. In-
deed, in the phase fluctuations scenario, the focus is put
on the fluctuations only with no restrictions on the size
of the pairs, whereas the preformed pair scenarios [50–
52] put the accent on the very short size of the Cooper
pair which opens a wide region in temperature where the
pairs behave like a hard core boson and undergo Bose
Einstein condensation. In view of the strong correlations
in cuprates and the very short size of the Cooper pairs,
the concept of preformed pairs is very natural. Moreover,
recent experiments have revived the issue of fluctuating
preformed pairs with their observation up to T

⇤ in pump
probe measurements [137–139] and in the over-doped re-
gion of the phase diagram in time domain spectroscopy
[140]. We review below a few experiments which could
be explained by such a scenario.

3.3.1. A precursor in the charge channel

A recent Raman scattering experiment performed on
the compound Hg1223 shows for the first time that there
is a precursor gap in the charge channel (see Fig.7a) [13].
It is seen as a spectral peak in the B2g channel, which is
visible below the ordering temperature Tco but follows
T

⇤ rather than Tco as a function of oxygen doping.
This peak is attributed to charge modulations. The
situation is very similar at what is observed in the AN
region of the Brillouin zone. In the B1g channel (which
is scanning the AN region) a pair breaking peak is
observed below Tc , but which follows T

⇤ rather than Tc

with doping. This spectral peak is also seen in ARPES
[107, 108], where it is shown that it remains unchanged
above Tc and just broadens through an additional source
of damping [49, 108, 141], up to the PG temperature
scale T

⇤. It is also seen in STM [106], at similar energy
scales. A new feature of this very spectacular Raman
scattering experiment is that it answers for the first

time to the question of whether charge modulations
are “strong” or “weak” phenomenon in under-doped
cuprates. Charge modulations have been seen in most
of the compounds in the under-doped region, and
although they are bi-dimensional, in theory they are
“long range enough” to lead to a re-configuration of the
Fermi surface observed through Quantum Oscillations
(QO) [72]. But in this specific Raman experiment we
see for the first time that the magnitude of the charge
precursor gap in the B2g channel is comparable to
the magnitude of the Pair breaking gap in the B1g

channel, comforting the idea that the charge modulation
is a “strong” e↵ect in the physics of underdoped cuprates.

At this point, it is important to note that historically
in the physics of cuprates, it is argued that there exists
two energy scales corresponding to the PG phase (see
e.g. the review [16]). First there is a higher energy scale
associated with the depletion in the NMR Knight shift,
referred to as the “Alloul-Warren” gap. This scale is
also seen in Raman spectroscopies as a hump rather than
a peak. Second scale corresponds to the spectroscopy
peaks at a lower energy scale seen in STM, ARPES or
Raman spectroscopy. Both the “Alloul-Warren” and the
spectroscopic gaps seem to be related to each other and
behave similarly with doping, decreasing in a quasi-linear
fashion as doping increases[13]. The argument of two
PG energy scales is typical of strong coupling theories
where the higher energy scale is characterized with spin
singlet formation and the lower energy scale is associated
with superconducting fluctuations. In this work, the PG
state is accompanied by a single energy scale E

⇤ which is
observed as spectroscopy peaks. The higher energy hump
in Raman spectroscopy or the “Alloul-Warren” gap is not
an independent energy scale and might be related to the
coupling of fermions to a collective mode [142–144].

Using a BCS-like scaling argument for the di↵erent en-
ergy scales,

� = 2~!ce
�1/J1⇢0 ,

� = 2~!ce
�1/J2⇢0 ,

E
⇤ = 2~!ce

�1/J⇤⇢0 (18)

where the density of state at the Fermi level ⇢0 is taken to
be constant, !c is the cut-o↵ frequency of the interaction
and J

⇤ = (J1 + J2)/2, we can obtain their approximate
doping dependence. The evolution of the energy scales
with doping is shown on the right panel of Fig.7b where
J1 and J2 have been chosen to be linearly decreasing with
doping and vanish at two di↵erent doping p1 and p2. In
this simplified approach, E

⇤ goes to zero at an interme-
diate doping p

⇤. We obtain the linear dependence of �
and � in an extended range of doping with � ⇡ � as
observed in the Raman experiment Fig.7a. We also show
that there exists only one PG energy scale E

⇤ ⇡ � ⇡ �.
The concept of preformed pairs can then account, with-
out resorting to the idea of a topological order, for the
observation that upon application of a strong magnetic
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field, the PG survives without a true T = 0 long range
order [114]. Indeed around p

⇤ application of a magnetic
field up to 100T will certainly destroy SC phase coher-
ence, but to destroy the pairs a much bigger field will be
called for.

Our theory [127] addresses directly the formation of
the spectral gaps � and � which are visible in the B2g

and B1g channels respectively

�k,! = � 1

�

X

q,⌦

J� (q, ⌦) �k+q

(! + ⌦)2 � ⇠
2
k+q � �2

k+q

, (19)

�k,! = � 1

�

X

q,⌦

J+ (q, ⌦) �k+q

(! + ⌦ � ⇠k+q) (! + ⌦ � ⇠k+Q+q) � �
2
k+q

.

with J± (q, ⌦) being related to the original model param-
eter as J± (q, ⌦) ⇠ 3J(p)±V and � is the inverse temper-
ature. Solving Eq.(19) while keeping the momentum de-
pendence of the gaps and allowing only one of them to be
non-zero at each k-point we obtain the repartition shown
in the left panel of Fig.7b. We see that the particle-
particle pairing gap (yellow) is favored in the ANR while
the particle-hole pairing gap (violet) prevails in the nodal
region. This result agrees well with the Raman experi-
ment where the SC pair-breaking peak appears in the
B1g symmetry which is probing the anti-nodal part of the
Brillouin zone, while the precursor in the charge channel
appears in the B2g symmetry probing the nodal region.
The PG energy scale is identified in the present theory
as the scale at which the two preformed pairs start to

get entangled and compete, E
⇤ =

q
|�|2 + |�|2, as first

described in Eq.(13) for the case of the emergent SU(2)
symmetry. Theories which can account for a precursor
gap in the charge channel, which does not follow Tco but
T

⇤ with doping, and which is of the same size as the pre-
cursor gap in the Cooper channel, are very rare. This
set of experiments, if confirmed, thus can be considered
as a signature of a mechanism for two kinds of entangled
preformed pairs. It has to be noted that the precursor
in the charge channel has been seen, so far, only in the
Hg1223 compound, where the three layers enhance the
visibility of the charge channel. Similar findings were re-
ported for YBCO but the analysis is more di�cult due
to the persistent noise in the B2g channel.

3.3.2. Phase locking at T ⇤

The locking of the global phase of the two kinds of
preformed pairs at T

⇤ has serious experimental conse-
quences. The PP and PH pairs become entangled at
T

⇤ and at lower temperatures Tc, the remaining relative
phase is fixed. Now, if one applies an external magnetic
field, it will create vortices where the SC order parame-
ter will be suppressed. Inside each vortex the competing
order parameter (in this case a bond excitonic order) is
present, which typically occurs in theories with compet-
ing orders. A PDW order will be present in the vortex
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FIG. 7: a) Raman Scattering experiment [13] in Hg1223
where the two spectroscopic gaps in the B1g (Cooper

pairing called �SC here) and B2g (particle-hole pairing
called �CDW here) channels are shown to be of the

same order or magnitude and to decrease linearly with
doping like T

⇤. The higher energy hump �PG also has
the same doping dependence and is thus possibly not an
independent energy scale. b) Theoretical solution of the
gap equations Eq.(19) from the toy model Eq.(11). In
the left hand side, a quarter of the Brillouin zone is
represented with the Cooper pairing gap � in yellow

and the preformed particle-hole gap � in blue.
Calculations are done for T � Tc. On the right hand
side, the variation of the magnitude of the gap with
doping is given, using a simplified BCS-like scaling

argument.

halo [145–148]. But a stranger feature can be inferred
by our theory. Since the phases of the Cooper pairs and
the charge modulations have been locked at T

⇤ , inside
the vortices, the “phase-slip” of the charge modulations
cos (Q · r + ✓r) is locked over a very long range h✓ri 6= 0,
longer than the typical size of each modulation patch, and
thus much longer than the size of each vortex. This situ-
ation was observed in STM, where one sees that although
there is a bit of spreading of the phase-slips around the
mean value, the mean value itself is typically long range
over the whole sample [149]. A concrete and strong ex-
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FIG. 4. (a) Gap in the particle-particle pairing channel (�) and the
particle-hole pairing channel (�) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (28) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in B2g Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (�an) and the particle-hole gap averaged in the nodal region
(�n). They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with �an ⇡ �n. This result fits the experimental
trends53 obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV , V = J/20 and AF = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

parameter and the spin-spin interaction with

t (p) = gt (p) t =
2p

1 + p
t, (29)

J (p) = gJ (p) J =
4

(1 + p)2
J, (30)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates119and Vij is a residual Coulomb
interaction term. The equivalence of this model in Eq. (28) to
the action of Eq. (2) is given in Appendix. E. In the following
part of this section, we will work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (28)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Seff =

P
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(31)
Q is the modulation wave vector for the d-BDW order param-
eter. In this section, we consider an axial wave-vector Q relat-
ing two hot spots in the first Brillouin zone, unless otherwise
stated. Integrating the fermionic fields and minimizing the
resulting action with respect to either� (precursor gap corre-
sponding to the p-p pairing or d-SC order) or � (precursor gap
corresponding to the p-h pairing or d-BDW order) leads to the
mean-field self-consistent gap equations. They initially form
a set of coupled equations but for simplicity we will consider
the decoupled equations given by:

�k,! = � 1

�

X
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, (32)
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(33)

with J± (q,⌦) being related to the original model parameter
as J± (q,⌦) ⇠ 3J(p)± V and � is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, Ek, which
is defined by the relation in Eq. (27). Then we minimize the
resulting action with respect to Ek giving the self-consistent
gap equation,
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(34)

where J⇤ = 2J+J�
J++J�

and �⇠k+q = ⇠k+q � ⇠k+q+Q. Mini-
mizing with respect to Ek is equivalent to condensing the field
n+
s defined in Eq. (12). While expressing the action in terms

of the field Ek, we consider that there is no condensation of
n�
s (defined in Eq. (13)) and ignore its contribution.
In order to obtain an estimate of the energy scale associated

with Ek, we solve the gap equations Eqs.(32)-(34) by taking
�, �, � and J± to be momentum and frequency independent.
This leads to only one energy scale corresponding to all the
three gaps �, � and � with J+ ⇡ J� ⇡ J⇤. This can also
be understood if we additionally consider ⇠k+Q ⇡ �⇠k which
gives three identical gap equations. The approximate equality
⇠k+Q ⇡ �⇠k is valid in the AN region for an axial Q vector
connecting two hot spots in the first Brillouin zone. Hence
this alternative way of decoupling does not introduce a new
energy scale.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of�k and �k to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Eqs.(32)-(33) by making a series of approximations
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model that proposed that the circulating super-
currents weaken the superconducting order pa-
rameter and allow the local appearance of a
coexisting spin density wave (SDW) and HTSC
phase (23) surrounding the core. In a more
recent model, which is an extension of (5) and
(22), the effective mass associated with spin
fluctuations results in an AF localization length
that might be substantially greater than the core
radius (30). An associated appearance of charge
density wave order was also predicted (31)
whose effects on the HTSC quasi-particles
should be detectable in the regions surrounding
the vortex core (23).

To test these ideas, we apply our recently
developed techniques of low-energy quasi-par-
ticle imaging at HTSC vortices (21). We choose
to study Bi-2212, because YBCO and LSCO
have proven nonideal for spectroscopic studies
because their cleaved surfaces often exhibit
nonsuperconducting spectra. Our “as-grown”
Bi-2212 crystals are generated by the floating
zone method, are slightly overdoped with Tc !
89 K, and contain 0.5% of Ni impurity atoms.
They are cleaved (at the BiO plane) in cryogen-
ic ultrahigh vacuum below 30 K and immedi-
ately inserted into the STM head. Figure 1A
shows a topographic image of the 560 Å square
area where all the STM measurements reported
here were carried out. The atomic resolution
and the supermodulation (with wavelength
"26 Å oriented at 45° to the Cu-O bond direc-
tions) are evident throughout.

To study effects of the magnetic field B on
the superconducting electronic structure, we
first acquire zero-field maps of the differential
tunneling conductance (G ! dI/dV) measured
at all locations (x, y) in the field of view (FOV)
of Fig. 1A. Because LDOS(E ! eV) # G(V ),
where V is the sample bias voltage, this results
in a two-dimensional map of the local density
of states LDOS(E, x, y, B ! 0). We acquire
these LDOS maps at energies ranging from –12
meV to $12 meV in 1-meV increments. The B
field is then ramped to its target value, and, after
any drift has stabilized, we remeasure the topo-
graph with the same resolution. The FOV
where the high-field LDOS measurements are
to be made is then matched to that in Fig. 1A
within 1 Å ("0.25a0) by comparing character-
istic topographic/spectroscopic features. Final-
ly, we acquire the high-field LDOS maps,
LDOS(E, x, y, B), at the same series of energies
as the zero-field case.

To focus preferentially on B field effects,
we define a type of two-dimensional map:

S E1

E2(x, y, B) ! !
E1

E2

%LDOS&E, x, y, B'

! LDOS&E, x, y, 0'(dE (1)

which represents the integral of all additional
spectral density induced by the B field be-
tween the energies E1 and E2 at each location

(x, y). We use this technique of combined
electronic background subtraction and energy
integration to enhance the signal-to-noise ra-
tio of the vortex-induced states. In Bi-2212,
these states are broadly distributed in energy
around )7 meV (21), so S )1

)12(x, y, B) effec-
tively maps the additional spectral strength
under their peaks.

Figure 1B is an image of S1
12(x, y, 5)

measured in the FOV of Fig. 1A. The loca-
tions of seven vortices are evident as the
darker regions of dimension "100 Å. Each
vortex displays a spatial structure in the inte-
grated LDOS consisting of a checkerboard
pattern oriented along Cu-O bonds. We have
observed spatial structure with the same pe-
riodicity and orientation, in the vortex-in-
duced LDOS on multiple samples and at
fields ranging from 2 to 7 T. In all 35 vortices
studied in detail, this spatial and energetic
structure exists, but the checkerboard is more
clearly resolved by the positive-bias peak.

We show the power spectrum from the
two-dimensional Fourier transform of
S1

12(x, y, 5),PS[S1
12(x, y, 5)]!{FT%S1

12&x, y, 5)]}2,
in Fig. 2A and a labeled schematic of these
results in Fig. 2B. In these k-space images,
the atomic periodicity is detected at the points
labeled by A, which by definition are at
(0,)1) and ()1,0). The harmonics of the
supermodulation are identified by the sym-
bols B1 and B2. These features (A, B1, and
B2) are observed in the Fourier transforms of
all LDOS maps, independent of magnetic
field, and they remain as a small background
signal in PS[S1

12(x, y, 5)] because the zero-
field and high-field LDOS images can only
be matched to within 1 Å before subtraction.
Most importantly, PS[S1

12(x, y, 5)] reveals
new peaks at the four k-space points, which
correspond to the spatial structure of the vor-
tex-induced quasi-particle states. We label
their locations C. No similar peaks in the
spectral weight exist at these points in the
two-dimensional Fourier transform of these
zero-field LDOS maps.

To quantify these results, we fit a Lorent-
zian to PS[S1

12(x, y, 5)] at each of the four
points labeled C in Fig. 2B. We find that they
occur at k-space radius 0.062 Å*1 with width
+ ! 0.011 ) 0.002 Å*1. Figure 2C shows
the value of PS[S1

12(x, y, 5)] measured along
the dashed line in Fig. 2B. The central peak
associated with long-wavelength structure,
the peak associated with the atoms, and the
peak due to the vortex-induced quasi-particle
states are all evident. The vortex-induced
states identified by this means occur at ()1/4,
0) and (0, )1/4) to within the accuracy of the
measurement. Equivalently, the checkerboard
pattern evident in the LDOS has spatial peri-
odicity 4a0 oriented along the Cu-O bonds.
Furthermore, the width + of the Lorentzian
yields a spatial correlation length for these
LDOS oscillations of L ! (1/,+) - 30 ) 5

Å (or L - 7.8 ) 1.3a0). This is substantially
greater than the measured (21) core radius. It
is also evident in Figs. 1B and 2A that the
LDOS oscillations have stronger spectral
weight in one Cu-O direction than in the

Fig. 1. Topographic and spectroscopic images of
the same area of a Bi-2212 surface. (A) A topo-
graphic image of the 560 Å field of view (FOV ) in
which the vortex studies were carried out. The
supermodulation can be seen clearly along with
some effects of electronic inhomogeneity. The
Cu–O–Cu bonds are oriented at 45° to the su-
permodulation. Atomic resolution is evident
throughout, and the inset shows a 140 Å square
FOV at .2 magnification to make this easier to
see. The mean Bi-Bi distance apparent here is
a0 ! 3.83 Å and is identical to the mean Cu-Cu
distance in the CuO plane "5 Å below. (B) A map
of S1

12(x, y, 5) showing the additional LDOS in-
duced by the seven vortices. Each vortex is ap-
parent as a checkerboard at 45° to the page
orientation. Not all are identical, most likely be-
cause of the effects of electronic inhomogeneity.
The units of S1

12(x, y, 5) are picoamps because it
represents /dI/dV!0V. In this energy range, the
maximum integrated LDOS at a vortex is "3
pA, as compared with the zero field integrated
LDOS of "1 pA. The latter is subtracted from
the former to give a maximum contrast of "2
pA. We also note that the integrated differen-
tial conductance between 0 and *200 meV is
200 pA because all measurements reported in
this paper were obtained at a junction resis-
tance of 1 gigaohm set at a bias voltage of
–200 mV.
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under their peaks.
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measured in the FOV of Fig. 1A. The loca-
tions of seven vortices are evident as the
darker regions of dimension "100 Å. Each
vortex displays a spatial structure in the inte-
grated LDOS consisting of a checkerboard
pattern oriented along Cu-O bonds. We have
observed spatial structure with the same pe-
riodicity and orientation, in the vortex-in-
duced LDOS on multiple samples and at
fields ranging from 2 to 7 T. In all 35 vortices
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structure exists, but the checkerboard is more
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We show the power spectrum from the
two-dimensional Fourier transform of
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field, and they remain as a small background
signal in PS[S1
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supermodulation can be seen clearly along with
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Cu–O–Cu bonds are oriented at 45° to the su-
permodulation. Atomic resolution is evident
throughout, and the inset shows a 140 Å square
FOV at .2 magnification to make this easier to
see. The mean Bi-Bi distance apparent here is
a0 ! 3.83 Å and is identical to the mean Cu-Cu
distance in the CuO plane "5 Å below. (B) A map
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orientation. Not all are identical, most likely be-
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12(x, y, 5) are picoamps because it
represents /dI/dV!0V. In this energy range, the
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pA, as compared with the zero field integrated
LDOS of "1 pA. The latter is subtracted from
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Charge modulations … in strong competition with SC state
Kapitulnik, 2002
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Figure 26. Pressure dependence of the CDW and superconducting phase transitions of NbSe3, o-TaS3,
m-TaS3 and (TaSe4)2I. Reprinted figure with permission from M. Nunez-Regueiro et al., Synthetic Metals
55–57, p. 2653, 1993 [165]. Copyright (1993) by the Elsevier.

CDW can be suppressed. The strong el–ph interaction becomes then available for generating a
superconducting state whose the transition temperature is now given by

Tc = 1.44!D exp
!

! 1
"s

"
= 1.44!D exp

#
! 1

N(EF)V

$
, (35)

where V is the electron pairing potential, !D the Debye temperature.
Pressure dependence up to 10 GPa [165,166](The author acknowledges M. Núñez-Regueiro

for having collected all his data [165,166] in this single figure.) of CDW and superconducting
transition temperatures is shown in Figure 26 for NbSe3, both phases of TaS3 and (TaSe4)2I. SC
occurs in NbSe3, o-TaS3 and (TaSe4)2I when the CDW is suppressed. No zero resistivity was
measured in o-TaS3 indicating likely a filamentary type of SC. TCDW for the upper transition in
m-TaS3 and for (TaSe4)2I first increases with pressure, followed by a decrease with increasing
pressure.

It was shown [167] that the lower CDW in NbSe3 is suppressed at a critical pressure of
about P2 = 0.75 GPa while SC appears, with Tc rising rapidly to 3.3 K. It was noted that the
logarithmic pressure slope of TP2 is approximately the same as that of Tc, suggesting that both,
the low-temperature CDW and SC above P2, occur on the same crystallographic chains. The same
behaviour is observed for the upper CDW suppressed [166] around P1 = 4 GPa. Tc increases with
increasing pressure above 2.5 GPa and exhibits the maximum value near P1, while it decreases
gradually up to 7.2 GPa. It was also suggested [166] that the SC above P1 and the high T CDW
occur on the same chains (type III) and that SC and CDW coexist between 2.5 and 3.5 GPa.

Data shown in Figure 26 were obtained using an opposite-type anvil device with steatite as
a solid pressure-transmitting medium [165–167]. This results in some pressure inhomogeneity
leading to broad superconducting transitions. Homogeneous high pressure set-up has been devel-
oped [169] using a cubic anvil device with Daphne 7373 oil as a pressure-transmitting medium. The
superconducting transition of NbSe3 under pressure using the cubic anvils are shown in Figure 27.
Extremely sharp superconducting transitions are observed [168] above 3.2 GPa. The broad tran-
sitions around 2.6 GPa cannot be attributed to the pressure inhomogeneity but correspond to the
coexistence between CDW and SC as shown in Figure 58(b).
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Induced long-range phase correlation

STM measurement of charge density modulation :

             random phase distribution :

            centered distribution :

M.H. Hamidian et al., arXiv:1508.00620 (2015)
M.H. Hamidian et al., Nat. Phys. 12, 150 (2015).
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Analogy with SU(2) emergent symmetry  
Eight hot spots, attractive Hubbard model at 1/2 

filling… and beyond ? 

SU(2) chiral model protected 
by a Pseudo Spin Higgs 

mechanism !

2

following way :

⌘ =

⌘† = .

With these definitions, the SU(2) algebra
R
is verified.

The operators (⌘, ⌘†) have the form of a superconduct-
ing order parameter with finite momentum equal to the
momentum of the charge modulaltions. They carry the
di↵erence of phases between the charge and pairing order
parameters.

The T⇤ line as a Higgs mechanism

The SU(2) structure exposed above admits a few exact
exact realizations. In the case of the attractive Hubbard
model at half-filling, the symmetry is fully realized with a
commensurate modulation wave vector Q = (⇡,⇡). The
eight hot spots model provides as well a realization of the
SU(2) symmetry with incommensurate modulation wave
vector relying two adjacent hot spots on the diagonal. Al-
though the SU(2) emergent symmetry leads to a robust
phenomenology for the competition of charde modula-
tiosn and sueprconductivity, which matches a good num-
ber of experimental observations, its weakness is that it
is fragile. In the case of the half-filled Hubbard model for
example, a few percent of doping destroy the exact SU(2)
symmetry. In the remaining of this paper we give a mech-
anism by which the SU(2) fluctations are protected by a
Higgs mechanism, and although the exact SU(2) sym-
metry is not exactly verified (for example in the ground
state) tehre exists a wide regime of temperature where
the SU(2) gaps area already formed whereas fluctuations
are still present. Let’s have two complex order param-
eters z1 and z2 forming a spinor  = (z1, z2). In our
case we take z1 = SC and z2 = charge. We consider the
following Lagrangian

LCP 1 =
1

2g
|Dµ |2 + V ( ) , (1)

where Dµ = @µ � iAµ, and  † = ( ⇤)T . The potential
V ( ) is such that the lagrangian in Eq.(1) is invariant
under the gauge transformation

 ! ei✓ , (2)

and meanwhile Aµ ! Aµ � @µ✓. The form of the poten-
tial requires only generically a bi-linear structure in  ,

V ( ) ⇠  †Â , with Â a generic 2x2 matrix. The phase
✓ is the same for both components of the spinor  . To
the U(1) gauge invariance of the lagrangian Eq.(1) can
be associated a Higgs mecanism, a freezing of the phase
✓ correlated with the opening of a gap. In order to see
which gap is opening, one first evaluates the gauge field
Aµ. Using the parametrization  = ei✓ (z1, z2) and solv-
ing for the minimiztion equation �LCP 1/�Aµ = 0 leads to
Aµ = @µ✓. It is instructive to compare with the simpler
field lagrangien

L� =
1

2g
|Dµ�|2 + V (�) , (3)

where � = ei✓
q

|z1|2 + |z2|2. The same minimization

�L�/�Aµ = 0 leads to Aµ = @µ✓. The equivalent U(1)
gauge structure between LCP 1 and L� bring the conclu-
sion that the freezing of the phase ✓ corresponds to the
opening of a gap �⇤ in the field � , with

q
|z1|2 + |z2|2 = �⇤. (4)

In order to complete the proof, one can go back to the
Eq.(1), and check that upon condensation of | |0 = �⇤ =q

|z1|2 + |z2|2, the Golgstone boson Aµ becomes massive
with a contribution to the Lagrangian

�LCP 1 =
1

2
m2

AAµA
µ, mA =

p
2�⇤. (5)

. The diagram is represented in Fig. [#] and one can
check that the leading order, the condensate contribution
to the polarization amplitude leads the inverse propaga-
tor D�1

Aµ
= hT AµA⌫i�1 = im2

A

�
gµ⌫ � kµk⌫

k2

�
.

The Higgs mechanism exposed above has deep roots
into the Hopf fibration of the sphere S3 which can be
factorized into S2 by taking out a U(1) phase, S3 ⇠
U(1)⇥ S2. Take Eq.

Experimental consequences
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crease. The competition can be further substantiated by scan-
ning tunneling microscopy, which detects the short-range CO
in regions of space where the amplitude of the superconduc-
tivity is reduced (both near the vortex core47 at low fields and
surrounding Zn impurities48 at zero magnetic field).

In this paper, we will focus on the competition between
the SC and the long-range CO at high magnetic fields. This
competition is prominent in the B-T phase diagram of un-
derdoped cuprates. In Fig. 1, we show a schematic B-T
phase diagram summarizing various experiments on under-
doped (0.11 ! p ! 0.13) YBCO. Our endeavor in this work
will be to understand the following salient features of the long-
range CO in the B-T phase diagram:

1. The long-range CO phase is associated with an onset
magnetic field (Bco) which is found to be surprisingly
insensitive to the temperature and remains flat up to the
scale of Tc.35,49

2. At high magnetic fields, the long-range CO transition
temperature (Tco) is nearly independent of the magnetic
field.35 Remarkably, sound velocity measurements,35

NMR25 and thermal conductivity measurements49 all
suggest that Tco is very close to Tc and significantly
lower than T 0

co (transition temperature of the short-
range CO).

3. The sound velocity measurements35 indicated that there
exists a coexisting phase in the B-T phase diagram at
low temperatures. This was also manifested in the ther-
mal conductivity measurements49 at low temperatures,
which identified the onset field of the long-range CO to
be lower than the upper critical field of the supercon-
ductor.

In particular, we argue that the flatness of Bco is a signature
of an SU(2) symmetry between the SC and the CO. The co-
existing phase in the phase diagram is a result of a weak bi-
quadratic symmetry breaking between the two, caused by in-
teraction terms in the free energy.

Theoretically, competing orders50–64 are studied enor-
mously in the context of the underdoped cuprates. In the pres-
ence of a magnetic field, the SC is suppressed near a vortex
core. As a result, any competing order like charge density
wave,51,54,65 spin density wave52–54,66 or pair density wave67

becomes recognizable near the vortex cores. The competing
orders are often treated within a Ginzburg-Landau theory. In
particular, it was shown in Ref. 51 that the CO can coexist
with the SC in a halo surrounding the vortex core where the
SC is suppressed partially. This CO inside each halo fluctu-
ates enormously with no long-range CO. It was postulated that
only a interlayer coupling or a finite magnetic field (inducing
vortex-vortex interaction) can stabilize a true long-range CO.

In the first part of this paper (Sec. II), we focus on a similar
Ginzburg-Landau theory of the competing SC and 2D CO, but
in a different perspective. We will treat a Ginzburg-Landau
free energy with effective homogeneous order parameters (av-
eraging the vortex induced inhomogeneities) near the upper
critical magnetic field of the superconductor. In this approach,

FIG. 1. A schematic B-T phase diagram of underdoped YBCO sum-
marizing various experiments. Type-II superconductors have two
critical fields: a lower critical field (Bc1) and a upper critical field
(Bc2). The system completely expels magnetic fields for B < Bc1

showing the Meissner effect and allows magnetic field flux lines to
penetrate at various locations (called vortices) for Bc1 < B < Bc2.
Cuprates have very low Bc1 and so form vortices with the appli-
cation of a very small magnetic field. Bc2 varies with temperature
as shown in the figure and its exact profile depends on the specifics
of the sample. At low temperatures, the vortices form periodic ar-
rays called vortex solid with local short-range charge modulations
inside the vortex core. Increasing the temperature, this solid melts
for B > Bm. Though Bm has a different temperature dependence
than Bc2, it intersects the Bc2 line in the two different limits of zero
temperature and zero magnetic field. At high magnetic field, system
shows a long-range charge density wave order with the transition
field Bco. Bco is insensitive to temperature at low temperatures and
marks a sudden rise. Tco is the temperature at high magnetic fields
where the charge order marks a transition to the pseudogap phase.
Tco is effectively insensitive to the magnetic field. The green region
is the pseudogap phase where one looses any coherence of either
charge or superconducting order. The pseudogap phase persists for
temperatures below T !, which is very large compared to Tc or Tco.
At low temperatures, the magenta charge order region merges with
the blue superconducting order region showing the coexistence of
both the orders. The short-range charge order is present even for low
magnetic fields, but is not shown in this schematic.

the magnetic field renormalizes the effective mass (coefficient
of the quadratic term of order parameters in the free energy) of
the SC order parameter. We couple this effective free energy
of the SC with the free energy of the CO and study the com-
petition. Note that we only consider the long-range CO. We
phenomenologically construct the B-T phase diagram with in-
creasing coupling strength between the two orders. This helps
us quantifying the relation between the region of the coex-
isting phase and different parameters in the Ginzburg-Landau
theory (like coupling strength and the mass of the two order
parameters). We show that a strong competition between the
SC and the CO leads to a phase diagram with no coexisting
phase. Within this mean field picture, we infer that the tem-
perature insensitivity of Bco is specific to an extreme fine tun-
ing of the temperature dependence of each mass parameter.
We demonstrate that, for a range of parameters, there is an en-
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of an SU(2) symmetry between the SC and the CO. The co-
existing phase in the phase diagram is a result of a weak bi-
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teraction terms in the free energy.
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mously in the context of the underdoped cuprates. In the pres-
ence of a magnetic field, the SC is suppressed near a vortex
core. As a result, any competing order like charge density
wave,51,54,65 spin density wave52–54,66 or pair density wave67

becomes recognizable near the vortex cores. The competing
orders are often treated within a Ginzburg-Landau theory. In
particular, it was shown in Ref. 51 that the CO can coexist
with the SC in a halo surrounding the vortex core where the
SC is suppressed partially. This CO inside each halo fluctu-
ates enormously with no long-range CO. It was postulated that
only a interlayer coupling or a finite magnetic field (inducing
vortex-vortex interaction) can stabilize a true long-range CO.

In the first part of this paper (Sec. II), we focus on a similar
Ginzburg-Landau theory of the competing SC and 2D CO, but
in a different perspective. We will treat a Ginzburg-Landau
free energy with effective homogeneous order parameters (av-
eraging the vortex induced inhomogeneities) near the upper
critical magnetic field of the superconductor. In this approach,
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showing the Meissner effect and allows magnetic field flux lines to
penetrate at various locations (called vortices) for Bc1 < B < Bc2.
Cuprates have very low Bc1 and so form vortices with the appli-
cation of a very small magnetic field. Bc2 varies with temperature
as shown in the figure and its exact profile depends on the specifics
of the sample. At low temperatures, the vortices form periodic ar-
rays called vortex solid with local short-range charge modulations
inside the vortex core. Increasing the temperature, this solid melts
for B > Bm. Though Bm has a different temperature dependence
than Bc2, it intersects the Bc2 line in the two different limits of zero
temperature and zero magnetic field. At high magnetic field, system
shows a long-range charge density wave order with the transition
field Bco. Bco is insensitive to temperature at low temperatures and
marks a sudden rise. Tco is the temperature at high magnetic fields
where the charge order marks a transition to the pseudogap phase.
Tco is effectively insensitive to the magnetic field. The green region
is the pseudogap phase where one looses any coherence of either
charge or superconducting order. The pseudogap phase persists for
temperatures below T !, which is very large compared to Tc or Tco.
At low temperatures, the magenta charge order region merges with
the blue superconducting order region showing the coexistence of
both the orders. The short-range charge order is present even for low
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the magnetic field renormalizes the effective mass (coefficient
of the quadratic term of order parameters in the free energy) of
the SC order parameter. We couple this effective free energy
of the SC with the free energy of the CO and study the com-
petition. Note that we only consider the long-range CO. We
phenomenologically construct the B-T phase diagram with in-
creasing coupling strength between the two orders. This helps
us quantifying the relation between the region of the coex-
isting phase and different parameters in the Ginzburg-Landau
theory (like coupling strength and the mass of the two order
parameters). We show that a strong competition between the
SC and the CO leads to a phase diagram with no coexisting
phase. Within this mean field picture, we infer that the tem-
perature insensitivity of Bco is specific to an extreme fine tun-
ing of the temperature dependence of each mass parameter.
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of the strange metal phase
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Figure 8. Temperature dependence of the Hall coefficient RH calcu-
lated with our model self-energy for several Tcs and for the ADMR
Fermi surface12. Results should be compared with Fig. 7. The figure
illustrates how decreasing doping (increasing Tc or ! or anisotropy
of the self-energy) leads to a large change in the magnitude of the
temperature dependence. All results are obtained for the same Fermi
surface and only the anisotropy of the self-energy is changed. Ar-
rows shown in the lower right indicate the weak dependence on the
band structure change with doping, indicating the absolute shift of
the zero temperature value of RH (Tc = 0) for two different dopings
(p = 0.15 and p = 0.30) as given by a rigid band shift.

D. Hall angle

The Hall angle is defined by

cot !H(T ) !
Re"xx

"(1)
xy

=
#xx(T )

RH(T )Bz
. (32)

Since our model can describe the temperature dependence of
the intra-plane resistivity and Hall coefficient, as we showed
above, it must also describe the Hall angle. Here, we exam-
ine the temperature dependence of cot !H in order to point
out that the observed T 2 dependence of cot !H (cf. Figure 9)
naturally follows from our model self-energy and that there is
therefore no need to evoke more exotic theories in order to ex-
plain the qualitatively distinct temperature dependence of #xx
and cot !H .

Experimental data and our results are shown in Fig. 9 and
provide additional support for our model self-energy. In par-
ticular, the linear dependence of cot !H on T 2 supports the
T 2 dependence of the isotropic part of self-energy or scat-
tering rate in the nodal direction. That is because cot !H is
dominated by the isotropic part (!!!

FL), while it suppresses
the anisotropic part (!!!

AMFL) of the self-energy. This point
was previously emphasized by Carrington et al.,49 Ioffe and
Millis50 and by Stojkovic and Pines48 (see also Ref. 51). To
show this more explicitly, we use a similar expression to the
one in Eq. (31), approximate fH($) and fDC($) with a con-
stant, and perform the integrals over $. This leads to

cot !H " #!!!
FL(0)[1 +

!!!
FL(0)

!!!
FL(0) + !!!

AMFL(0, 0)
]"1. (33)

It turns out that the temperature dependence of cot !H is dom-
inated by the first factor, because the second factor is weakly
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Figure 9. Temperature dependence of the Hall angle cot "H . (Top)
Experimental data show that cot "H has a linear dependence on T 2

and a weak doping dependence. A similar dependence is found for
our model (Bottom), where the linear dependence of cot "H on T 2

comes predominantly from the Fermi liquid like scattering (!!!

FL) that
gives the scattering rate on the nodal part of the Fermi surface (which
also gives the dominant contribution to the Hall conductivity, see Fig.
5). (Top) The Inset shows a small down-turned deviation from the T 2

dependence of cot "H at low T (for Tc = 15 K). This is also obtained
within our model (bottom inset), although not as pronounced as in the
experimental data. Experimental data for Tc = 10 K and 50 K are
from Ref. 17. Tc = 15 K data is from Ref. 18 and Tc = 25 K data
is from Ref. 20. Our model results are calculated with the ADMR
Fermi surface.

temperature dependent. For more details see Appendix C.
Hence, the Hall angle is dominated by isotropic scattering or
by the region on the Fermi surface with the weakest scattering
or the longest mean-free-path, while the effect of anisotropic
scattering is suppressed. Further suppression of anisotropic
part comes from the anisotropy of fH($), which is larger in
the nodal and smaller in the antinodal direction.

Although the effect of !!!
AMFL on cot !H is small (note T 2

dependence in Fig. 9), it still changes the pure T 2 dependence
of cot !H to T n with n ! 2. Values of n < 2 were actually
observed in YBCO (Ref. 52) and Bi2201 (Ref. 51 and 53)
where n changes from $ 1.8 in the optimal or underdoped
regime to n $ 1.6 in the overdoped regime. Our model pre-
dicts n = 2 in the highly overdoped regime where the AMFL
part of the self-energy is zero, but could predict n < 2, if the
smoother high-frequency cutoff were introduced. This would

Phase diagram 

AFM suppressed with the addition 
of only a few percent of holes. 
 
Superconductivity emerges at a hole 
concentration p ~ 0.05. 
 
Maximum Tc occurs at an optimal 
doping of p = 0.16. 
 
Superconductivity vanishes again 
around p > 0.30. 
 
Dip in Tc also seen around p = 0.125 
– so-called 1/8-anomaly. 
 
Normal state phase diagram 
dominated by strange metallic 
phase and the pseudogap. 

ͻ Their transition temperatures are anomalously high 
 

ͻ Their superconducting order parameter is unconventional (d-wave) 
 

ͻ The superconductivity emerges out of a highly correlated insulating state 
 

ͻ Their normal metallic state is unlike anything that has been seen before 
 

Tab 10~ DDU �

Martin et al., Phys. Rev. B (1990) 

Bi2+xSr2-xCuO6+G 

Ando et al., Phys. Rev. B (1999) 

Bi2+xSr2-xLaxCuO6 

Why are high temperature superconductors interesting?  

Strong T-dependence over a very wide temperature and doping range. 
What does it signify? 

Hall effect in hole-doped cuprates 

, 

Hwang et al., PRL 72 2636 (94) 
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Can a diffusive, charge-2, finite Q, boson explain it ?

cot ✓H =
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  Conclusions

• Charge orders are a key players in cuprate physics: natural 
competitor of superconductivity

•  For the first time observation of a precursor in the charge 
channel (as well as in the SC channel), which follow T*, not Tc  
or Tco

• Explains recent Raman and phase coherence in STM

• New idea of  fractionalizing a PDW 

• ARPES : back-bending, poles in self-energy (cf. DMFT 
studies)

• Entangling particle-hole and particle-particle pairs at T*

• Can a charge-2 boson explain the mystery of strange 
metal  and Hall resistivity ?
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If !0 > 0, only the SC phase is stable. In this phase, we
study the fluctuations around the corresponding mean field so-
lution of u. In the absence of external magnetic field, the gap
in the excitations of the pseudo-spin corresponds to the differ-
ence of the masses of the SC and CO fields. So, Eg = 2!0.
The transition temperature from the SC phase to the pseudo-
gap phase i.e., the temperature where the effective coupling
constant t diverges is given by:

Tc =
2"#0s

ln
!

!2

2!0

" (30)

At this temperature, the anisotropy ! also goes to zero. The
pseudogap temperature (T !) is controlled by #0s and thus can
be significantly higher than Tc.

In the presence of an external magnetic field, the gap in the
excitation spectrum Eg or the energy required to break the
long-range SC coherence is replaced by:

Esc
g = 2!0 ! $B (31)

where $ is a constant. In the presence of magnetic field, the
SC order parameter becomes inhomogeneous below a length
scale which is given by the coherence length (%) of the su-
perconductor. Hence, the minimum length of this effective
homogeneous RG analysis is constrained by % and thus the
upper momentum cutoff is given by ! = %"1. In a cuprate
superconductor, % is quite small compared to the penetration
depth. The transition magnetic field (Bsc) where t diverges is
given by:

Bsc = B0

#

1!
1

2%2!0
exp

$

!
2"#0s
T

%&

(32)

where the SC phase is stabilized for B < B0 and B0 =
(2!0)/$. If the ground state is the CO phase, we have to con-
sider the fluctuations of the nonlinear sigma model around the
mean field solution u = I. RG equations and solutions are
equivalent to the case when the ground state is the SC phase,
but Eg is now replaced by:

Eco
g = !2!0 + $B (33)

The transition magnetic field (Bco) is thus given by:

Bco = B0

#

1 +
1

2%2!0
exp

$

!
2"#0s
T

%&

(34)

where the CO phase is stabilized for B > B0.
It is important to note that Bco(T = 0) = Bsc(T = 0) =

B0. B0 is the zero temperature upper critical field for the su-
perconductor in the presence of strong competition with the
CO phase. At T = 0, the ground state of the system is the
SC phase for B < B0 and the ground state is the CO phase
for B > B0. Thus, there is no coexisting phase in the B-
T phase diagram if only the quadratic symmetry is broken
(!0 "= 0, z0 = 0). In terms of the composite order parameter,
the pseudo-spin flops from a direction aligned in the SC easy
plane to a direction aligned in the CO easy plane at B = B0.

FIG. 6. The B-T phase diagram obtained within a renormaliza-
tion group treatment of the classical nonlinear sigma model. (a):
Anisotropy (!0) between the masses of the SC and CO fields induces
a quadratic symmetry breaking at T = 0 and B = 0. Increasing the
magnetic field destroys the SC order giving rise to the CO marked by
a pseudo-spin flop transition at B = B0 for T < Tmin. Bco remain
flat at low T due to suppressed thermal fluctuations and rises steeply
for T > Tmin. The thermal fluctuations drive the anisotropy to zero
on the Bco and Bsc lines. As a result, the system hesitates between
the CO phase and the SC phase with no visible long-range order
marking the pseudogap phase with SU(2) fluctuations for T < T !.
(b): If the coupling strength (") between the SC and CO is not exactly
equal to the coefficient (#) of each biquadratic terms, the biquadratic
SU(2) symmetry is also broken (z0 != 0). B0

sc and B0
co (the transition

fields at T = 0) are different with a region of coexistence in between
for T < Tcs for " < #. The renormalized effective anisotropy be-
tween the CO and the SC fields become zero at T = Tcs and the
SU(2) fluctuations are observable for Tcs < T < T !. If " > #, the
strong repulsion between the fields destabilizes any coexisting phase
with a pseudo-spin flop transition at B = B0 and the B-T phase
diagram is exactly same as in (a). We sketch the phenomenological
temperature dependence of the vortex melting transition field Bm to
distinguish the upper critical field Bsc from the melting transition,
see text for details.

The thermal fluctuations are absent at T = 0. Thus, we expect
the mean field solutions for the transition fields should give
the same result as the solutions obtained in Eqs. (32) and (34)
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4. Heisenberg-Heisenberg FP: !!
! != 0, !!

" != 0, "! = 0

5. First order FP: !!
! = !!

" = "!, #!
! = #!

"

6. Second order FP: !!
! != !!

" != "!, #!
! != #!

"

The first four FP give "! = 0 where the SC order and the
CO are decoupled. They represent the transition from the SC
phase to the normal state and the transition from the CO phase
to the normal state. The fifth FP corresponds to the situation
of the enhanced symmetry of O(N1+N2) where the effective
free energy landscape looks similar to Fig. 2(e) and (i). This
FP describes the first order transition from the SC phase to the
CO phase. The sixth FP satisfies the mean field criterion for
coexistence ("!2 < !!

!!
!
") and represent the free energy land-

scape similar to Fig. 2(c) and (g). The bare parameters depend
on the applied magnetic field (B) and temperature (T ). The
transition lines in the B-T phase diagram can be determined by
studying the stability of the FP. The stability of the FP depends
crucially on the values of N1, N2, N1 + N2 and the dimen-
sion of the system. There are several analytical and numerical
studies of the stability of these FP in three dimensions.82–85

But the stability of the FP in the case of two dimensions86–89

is more complex and is still an open question. So, it is diffi-
cult to pinpoint whether the B-T phase diagram obtained in a
competing order formalism can include a coexisting phase or
not.

Moreover, in 2D, the amplitude fluctuations play no role
in deciding the critical behavior. Instead, the thermal phase
fluctuations, captured by the renormalizations of the gradi-
ent terms, are important in deciding the phase boundaries.90,91

The RG approach discussed in the preceding paragraph treats
only the amplitude renormalizations and does not take care of
the renormalizations of the gradient terms. Hence, the temper-
ature dependence in the B-T phase diagrams found from the
analysis of Eq. (1) is not expected to give the correct trends in
two spatial dimensions.

In this section, we described the GL theory of the compet-
ing superconducting and charge orders in the presence of a
magnetic field. We constructed the B-T phase diagram for
different strengths of the competition and discussed the possi-
bility of explaining the experimentally observed features. As
evident from Fig. 3, strengthening the competition between
the SC and the CO fields disfavors any coexisting phase in
the phase diagram. Bsc"sc+co for "2 < !!!" and Bsc"co

for "2 " !!!" are flat only if the temperature dependences
of #! and #" are extremely fine tuned (Fig. 5). Further, the
similarity of the Tc at zero field and Tco at high field cannot
be established in this picture (see Eqs. (20) and (21)). These
features make us believe that the B-T phase diagram of un-
derdoped cuprates is hard to explain within a GL theory of
competing orders.

In Sec. II A, we could identify a parameter regime where the
free energy shows an enlarged O(N1 + N2) symmetry. The
enlarged symmetry puts a constraint (Eq. 9) on the SC and the
CO fields if the two orders are energetically degenerate. We
now turn our discussion to an emergent SU(2) theory where
the strongly competing SC order and the CO are nearly de-

generate in energy. In the next section, we will first introduce
this SU(2) theory and then construct the B-T phase diagram
using a renormalization group treatment.

III. SU(2) SYMMETRY BETWEEN CO AND SC: NON
LINEAR SIGMA MODEL

Underdoped cuprates69,92 are often described by a two di-
mensional spin-fermion model.93,94 This model features the
pseudogap phase69 characterizing an emergent SU(2) sym-
metry connecting a d-wave superconductor and a quadrupole
density wave. This quadrupole density wave corresponds to
charge density modulations65,95–97 in the 2D CuO2 plane. The

wave vector ( $Q) of this CO is typically incommensurate and

is taken to be momentum dependent.96 $Q can therefore cor-
respond to both a unidirectional stripe-like charge order and
a bidirectional checkerboard charge order.96,97 In this section,
we focus on the SU(2) symmetry between the SC and the 2D
CO, without going into the details of the directionality of the
CO. This theory though has broader applicability in describ-
ing the symmetry of the CO. We expect that the presence of an
interlayer coupling between the 2D CuO2 planes will magnify

the intensity of a specific component of $Q in X-ray scattering
experiments.77

Within this formalism, we can define a composite SU(2)
order parameter, uSU(2) = u!SU(2),

69 where u is:

u =

!

% &
#&! %!

"

(22)

The matrix u is parametrized by two complex order parame-
ters: the d-wave SC order parameter (&) and the d-wave CO
order parameter (%). u is a unitary matrix imposing a strong
constraint on each of its components:

%2 + &2 = 1 (23)

Thus, u2
SU(2) = !2

SU(2). The composite order parameter can

be thought of as a pseudo-spin in four dimensions with two
SC components and two CO components. !2

SU(2) sets the

length of this pseudo-spin. The length of this pseudo-spin can
be described by a Ginzburg-Landau mean field theory. It goes
to zero at a high mean field temperature, which we character-
ize as the pseudogap temperature (T !).69 T ! controls the high
energy physics of the problem. Below T !, Eq. 23 describes a
three dimensional hypersphere S3 in a four dimensional space.
The transverse fluctuations of the composite order parameter
on this hypersphere are described by an O(4) non linear sigma
model (NLSM):69

F

T
=

1

t0

#

tr[$u†$u+ '0(3u
†(3u]dR (24)

where '0 = (##
" # ##

!)/2 is the difference of the zero tem-

perature masses of the SC and CO fields, t0 = 2T/)0s is the
scaled temperature, )0s being the stiffness associated with spa-
tial variation of the composite order parameter u, (3 is the
third Pauli spin matrix in the space of the matrix u, tr is the

O(3) Non linear Sigma Model 

D. Chakraborty  et al. PRB (2018)
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If !0 > 0, only the SC phase is stable. In this phase, we
study the fluctuations around the corresponding mean field so-
lution of u. In the absence of external magnetic field, the gap
in the excitations of the pseudo-spin corresponds to the differ-
ence of the masses of the SC and CO fields. So, Eg = 2!0.
The transition temperature from the SC phase to the pseudo-
gap phase i.e., the temperature where the effective coupling
constant t diverges is given by:

Tc =
2"#0s

ln
!

!2

2!0

" (30)

At this temperature, the anisotropy ! also goes to zero. The
pseudogap temperature (T !) is controlled by #0s and thus can
be significantly higher than Tc.

In the presence of an external magnetic field, the gap in the
excitation spectrum Eg or the energy required to break the
long-range SC coherence is replaced by:

Esc
g = 2!0 ! $B (31)

where $ is a constant. In the presence of magnetic field, the
SC order parameter becomes inhomogeneous below a length
scale which is given by the coherence length (%) of the su-
perconductor. Hence, the minimum length of this effective
homogeneous RG analysis is constrained by % and thus the
upper momentum cutoff is given by ! = %"1. In a cuprate
superconductor, % is quite small compared to the penetration
depth. The transition magnetic field (Bsc) where t diverges is
given by:

Bsc = B0

#

1!
1

2%2!0
exp

$

!
2"#0s
T

%&

(32)

where the SC phase is stabilized for B < B0 and B0 =
(2!0)/$. If the ground state is the CO phase, we have to con-
sider the fluctuations of the nonlinear sigma model around the
mean field solution u = I. RG equations and solutions are
equivalent to the case when the ground state is the SC phase,
but Eg is now replaced by:

Eco
g = !2!0 + $B (33)

The transition magnetic field (Bco) is thus given by:

Bco = B0

#

1 +
1

2%2!0
exp

$

!
2"#0s
T

%&

(34)

where the CO phase is stabilized for B > B0.
It is important to note that Bco(T = 0) = Bsc(T = 0) =

B0. B0 is the zero temperature upper critical field for the su-
perconductor in the presence of strong competition with the
CO phase. At T = 0, the ground state of the system is the
SC phase for B < B0 and the ground state is the CO phase
for B > B0. Thus, there is no coexisting phase in the B-
T phase diagram if only the quadratic symmetry is broken
(!0 "= 0, z0 = 0). In terms of the composite order parameter,
the pseudo-spin flops from a direction aligned in the SC easy
plane to a direction aligned in the CO easy plane at B = B0.

FIG. 6. The B-T phase diagram obtained within a renormaliza-
tion group treatment of the classical nonlinear sigma model. (a):
Anisotropy (!0) between the masses of the SC and CO fields induces
a quadratic symmetry breaking at T = 0 and B = 0. Increasing the
magnetic field destroys the SC order giving rise to the CO marked by
a pseudo-spin flop transition at B = B0 for T < Tmin. Bco remain
flat at low T due to suppressed thermal fluctuations and rises steeply
for T > Tmin. The thermal fluctuations drive the anisotropy to zero
on the Bco and Bsc lines. As a result, the system hesitates between
the CO phase and the SC phase with no visible long-range order
marking the pseudogap phase with SU(2) fluctuations for T < T !.
(b): If the coupling strength (") between the SC and CO is not exactly
equal to the coefficient (#) of each biquadratic terms, the biquadratic
SU(2) symmetry is also broken (z0 != 0). B0

sc and B0
co (the transition

fields at T = 0) are different with a region of coexistence in between
for T < Tcs for " < #. The renormalized effective anisotropy be-
tween the CO and the SC fields become zero at T = Tcs and the
SU(2) fluctuations are observable for Tcs < T < T !. If " > #, the
strong repulsion between the fields destabilizes any coexisting phase
with a pseudo-spin flop transition at B = B0 and the B-T phase
diagram is exactly same as in (a). We sketch the phenomenological
temperature dependence of the vortex melting transition field Bm to
distinguish the upper critical field Bsc from the melting transition,
see text for details.

The thermal fluctuations are absent at T = 0. Thus, we expect
the mean field solutions for the transition fields should give
the same result as the solutions obtained in Eqs. (32) and (34)
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4. Heisenberg-Heisenberg FP: !!
! != 0, !!

" != 0, "! = 0

5. First order FP: !!
! = !!

" = "!, #!
! = #!

"

6. Second order FP: !!
! != !!

" != "!, #!
! != #!

"

The first four FP give "! = 0 where the SC order and the
CO are decoupled. They represent the transition from the SC
phase to the normal state and the transition from the CO phase
to the normal state. The fifth FP corresponds to the situation
of the enhanced symmetry of O(N1+N2) where the effective
free energy landscape looks similar to Fig. 2(e) and (i). This
FP describes the first order transition from the SC phase to the
CO phase. The sixth FP satisfies the mean field criterion for
coexistence ("!2 < !!

!!
!
") and represent the free energy land-

scape similar to Fig. 2(c) and (g). The bare parameters depend
on the applied magnetic field (B) and temperature (T ). The
transition lines in the B-T phase diagram can be determined by
studying the stability of the FP. The stability of the FP depends
crucially on the values of N1, N2, N1 + N2 and the dimen-
sion of the system. There are several analytical and numerical
studies of the stability of these FP in three dimensions.82–85

But the stability of the FP in the case of two dimensions86–89

is more complex and is still an open question. So, it is diffi-
cult to pinpoint whether the B-T phase diagram obtained in a
competing order formalism can include a coexisting phase or
not.

Moreover, in 2D, the amplitude fluctuations play no role
in deciding the critical behavior. Instead, the thermal phase
fluctuations, captured by the renormalizations of the gradi-
ent terms, are important in deciding the phase boundaries.90,91

The RG approach discussed in the preceding paragraph treats
only the amplitude renormalizations and does not take care of
the renormalizations of the gradient terms. Hence, the temper-
ature dependence in the B-T phase diagrams found from the
analysis of Eq. (1) is not expected to give the correct trends in
two spatial dimensions.

In this section, we described the GL theory of the compet-
ing superconducting and charge orders in the presence of a
magnetic field. We constructed the B-T phase diagram for
different strengths of the competition and discussed the possi-
bility of explaining the experimentally observed features. As
evident from Fig. 3, strengthening the competition between
the SC and the CO fields disfavors any coexisting phase in
the phase diagram. Bsc"sc+co for "2 < !!!" and Bsc"co

for "2 " !!!" are flat only if the temperature dependences
of #! and #" are extremely fine tuned (Fig. 5). Further, the
similarity of the Tc at zero field and Tco at high field cannot
be established in this picture (see Eqs. (20) and (21)). These
features make us believe that the B-T phase diagram of un-
derdoped cuprates is hard to explain within a GL theory of
competing orders.

In Sec. II A, we could identify a parameter regime where the
free energy shows an enlarged O(N1 + N2) symmetry. The
enlarged symmetry puts a constraint (Eq. 9) on the SC and the
CO fields if the two orders are energetically degenerate. We
now turn our discussion to an emergent SU(2) theory where
the strongly competing SC order and the CO are nearly de-

generate in energy. In the next section, we will first introduce
this SU(2) theory and then construct the B-T phase diagram
using a renormalization group treatment.

III. SU(2) SYMMETRY BETWEEN CO AND SC: NON
LINEAR SIGMA MODEL

Underdoped cuprates69,92 are often described by a two di-
mensional spin-fermion model.93,94 This model features the
pseudogap phase69 characterizing an emergent SU(2) sym-
metry connecting a d-wave superconductor and a quadrupole
density wave. This quadrupole density wave corresponds to
charge density modulations65,95–97 in the 2D CuO2 plane. The

wave vector ( $Q) of this CO is typically incommensurate and

is taken to be momentum dependent.96 $Q can therefore cor-
respond to both a unidirectional stripe-like charge order and
a bidirectional checkerboard charge order.96,97 In this section,
we focus on the SU(2) symmetry between the SC and the 2D
CO, without going into the details of the directionality of the
CO. This theory though has broader applicability in describ-
ing the symmetry of the CO. We expect that the presence of an
interlayer coupling between the 2D CuO2 planes will magnify

the intensity of a specific component of $Q in X-ray scattering
experiments.77

Within this formalism, we can define a composite SU(2)
order parameter, uSU(2) = u!SU(2),

69 where u is:

u =

!

% &
#&! %!

"

(22)

The matrix u is parametrized by two complex order parame-
ters: the d-wave SC order parameter (&) and the d-wave CO
order parameter (%). u is a unitary matrix imposing a strong
constraint on each of its components:

%2 + &2 = 1 (23)

Thus, u2
SU(2) = !2

SU(2). The composite order parameter can

be thought of as a pseudo-spin in four dimensions with two
SC components and two CO components. !2

SU(2) sets the

length of this pseudo-spin. The length of this pseudo-spin can
be described by a Ginzburg-Landau mean field theory. It goes
to zero at a high mean field temperature, which we character-
ize as the pseudogap temperature (T !).69 T ! controls the high
energy physics of the problem. Below T !, Eq. 23 describes a
three dimensional hypersphere S3 in a four dimensional space.
The transverse fluctuations of the composite order parameter
on this hypersphere are described by an O(4) non linear sigma
model (NLSM):69

F

T
=

1

t0

#

tr[$u†$u+ '0(3u
†(3u]dR (24)

where '0 = (##
" # ##

!)/2 is the difference of the zero tem-

perature masses of the SC and CO fields, t0 = 2T/)0s is the
scaled temperature, )0s being the stiffness associated with spa-
tial variation of the composite order parameter u, (3 is the
third Pauli spin matrix in the space of the matrix u, tr is the

O(3) Non linear Sigma Model 
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trace over the space of u and the integration is over the two di-
mensional real space coordinates. !0s is proportional to T !.69

The free energy functional in Eq. (24) has two primary contri-
butions:

• The first term tr[!u†!u] can be written in terms of the
fields as 2(|!"|2 + |!#|2). This term describes the
spatial fluctuations of " and #. If the mass of the SC
field ($"

!) is same as the mass of the CO field ($"
"), i.e.,

%0 = 0, the SC and CO ground states are energetically
degenerate resulting in an exact SU(2) symmetry. There
is then no energy cost associated with the rotation of the
pseudo-spin in the four dimensional space of the com-
posite order parameter u. With %0 = 0, the two dimen-
sional NLSM in Eq. (24) at finite t produces divergent
fluctuations69,80 destroying any long-range order in " or
#.

• The second term tr[%0&3u†&3u] can be written in terms
of the fields as 2%0(|#|2 " |"|2). This term breaks the
degeneracy between the SC and CO ground states. If
%0 > 0, the pseudo-spin prefers the easy plane in the
SC space characterized by a gapless Goldstone mode.
If %0 < 0, the pseudo-spin prefers the easy plane in
the CO space characterized by another gapless Gold-
stone mode. %0 introduces an anisotropy between the
SC and CO easy planes. Thus, %0 defines the energy
cost to rotate the pseudo-spin from one easy plane to
the other and introduces a gap in the excitations of the
pseudo-spin. This gap is small compared to the pseudo-
gap energy scale (T !) and the fluctuations governed by
the first term in Eq. (24) are still important indicating
an approximate SU(2) symmetry. Since this anisotropy
term in Eq. (24) is quadratic in fields, we refer to its
effect as quadratic symmetry breaking.

The energy difference between the two ground states can be
further enhanced if the exact SU(2) symmetry is broken by the
biquadratic terms in the free energy of the composite order
parameter. The contribution from the biquadratic symmetry
breaking in the free energy is given by:

Fbq

T
=

1

t0

!

z0
"

#

tr[&3u
†&3u]

$2
" 1
%

dR (25)

where z0 = (' " ()/4 with ( being the coupling strength
between the two orders and ' being the strength of the self
interaction of both the fields. Expressing u in terms of " and
#, Eq. (25) is given as "4z0|"|2|#|2. If ( = ', Fbq = 0
and the biquadratic terms do not contribute to the free energy.
For ( < ', the gap in the excitations of the pseudo-spin is
modified by the strength of the biquadratic symmetry breaking
(z0). In the parameter regime "z0 < %0 < z0, the total free
energy (F +Fbq) accommodates a coexisting phase with both
the SC and the CO being stable. The pseudo-spin prefers an
intermediate direction making a finite angle with both the SC
easy plane and the CO easy plane. On the other hand, if ( >
', the repulsion between the fields is large and there exists no
coexistence and the situation is similar to the case when Fbq =
0. We will assume that z0 is small such that the approximate
SU(2) symmetry is still valid for T < T !.

A. Renormalization group treatment of the classical NLSM

As discussed Sec. II C, the thermal fluctuations play a sig-
nificant role in deciding the critical phenomenon in two spa-
tial dimensions. We perform a renormalization group calcu-
lation to take care of these critical fluctuations described by
the NLSM. In this section, we will not consider any time-
dependent fluctuations nor the fluctuations in the modulus of
the order parameters. Although, we will discuss the effects
of time-dependent fluctuations in Sec. III B. Here, we will
look at two cases of weak SU(2) symmetry breaking: a) only
quadratic symmetry breaking (%0 #= 0 and z0 = 0), where the
free energy will be given by Eq. (24) b) both quadratic and
biquadratic symmetry breaking (%0 #= 0 and z0 #= 0), where
the total free energy is given by F + Fbq (F obtained from
Eq. (24) and Fbq obtained from Eq. (25)).

First, we consider the case with only quadratic symmetry
breaking (z0 = 0). We treat the fluctuations around the mean
field phase of the classical NLSM in Eq. (24) using the renor-
malization group approach. We integrate out the fast varying
components of the free energy in Eq. (24) and write an effec-
tive slow varying counterpart with effective coupling constant
t and anisotropy parameter %. Within one loop approxima-
tion, the RG flow equations (for details see appendix B) for
the effective parameters are given by:

dt

dl
=

t2

2)
(26)

d
#

ln
#

#
t

$$

dl
= "

t

)
+ 2 (27)

where l is the running logarithm variable of the RG. The so-
lutions of Eqs. (26) and (27) determine the flow of the renor-
malized parameters of the free energy. At l = 0, t = t0 and
% = %0, where t0 and %0 are the bare values of the parame-
ters. There is an ultraviolet momentum cutoff, ! which cor-
responds to the inverse of the minimum length of the theory.

Additionally, there is an infrared cutoff E1/2
g where Eg corre-

sponds to the gap in the excitation spectrum. The RG flow of

Eqs. (26) and (27) stops at l = ln(!/E1/2
g ). The solutions of

the effective parameters are:

t = t0

&

1"
t0
2)

ln

&

!

E1/2
g

''#1

(28)

% = %0

&

!

E1/2
g

'2&

1"
t0
2)

ln

&

!

E1/2
g

''

(29)

The divergence of the effective coupling constant t in Eq. (28)
can be seen as an evidence of a transition from an ordered
phase to a disordered phase. Along with the divergence of t,
the effective anisotropy % also goes to zero. The system, thus
goes to a mixture of fluctuating SC and CO with no long-range
order, which is characterized as the pseudogap phase.
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If !0 > 0, only the SC phase is stable. In this phase, we
study the fluctuations around the corresponding mean field so-
lution of u. In the absence of external magnetic field, the gap
in the excitations of the pseudo-spin corresponds to the differ-
ence of the masses of the SC and CO fields. So, Eg = 2!0.
The transition temperature from the SC phase to the pseudo-
gap phase i.e., the temperature where the effective coupling
constant t diverges is given by:

Tc =
2"#0s

ln
!

!2

2!0

" (30)

At this temperature, the anisotropy ! also goes to zero. The
pseudogap temperature (T !) is controlled by #0s and thus can
be significantly higher than Tc.

In the presence of an external magnetic field, the gap in the
excitation spectrum Eg or the energy required to break the
long-range SC coherence is replaced by:

Esc
g = 2!0 ! $B (31)

where $ is a constant. In the presence of magnetic field, the
SC order parameter becomes inhomogeneous below a length
scale which is given by the coherence length (%) of the su-
perconductor. Hence, the minimum length of this effective
homogeneous RG analysis is constrained by % and thus the
upper momentum cutoff is given by ! = %"1. In a cuprate
superconductor, % is quite small compared to the penetration
depth. The transition magnetic field (Bsc) where t diverges is
given by:

Bsc = B0

#

1!
1

2%2!0
exp

$

!
2"#0s
T

%&

(32)

where the SC phase is stabilized for B < B0 and B0 =
(2!0)/$. If the ground state is the CO phase, we have to con-
sider the fluctuations of the nonlinear sigma model around the
mean field solution u = I. RG equations and solutions are
equivalent to the case when the ground state is the SC phase,
but Eg is now replaced by:

Eco
g = !2!0 + $B (33)

The transition magnetic field (Bco) is thus given by:

Bco = B0

#

1 +
1

2%2!0
exp

$

!
2"#0s
T

%&

(34)

where the CO phase is stabilized for B > B0.
It is important to note that Bco(T = 0) = Bsc(T = 0) =

B0. B0 is the zero temperature upper critical field for the su-
perconductor in the presence of strong competition with the
CO phase. At T = 0, the ground state of the system is the
SC phase for B < B0 and the ground state is the CO phase
for B > B0. Thus, there is no coexisting phase in the B-
T phase diagram if only the quadratic symmetry is broken
(!0 "= 0, z0 = 0). In terms of the composite order parameter,
the pseudo-spin flops from a direction aligned in the SC easy
plane to a direction aligned in the CO easy plane at B = B0.

FIG. 6. The B-T phase diagram obtained within a renormaliza-
tion group treatment of the classical nonlinear sigma model. (a):
Anisotropy (!0) between the masses of the SC and CO fields induces
a quadratic symmetry breaking at T = 0 and B = 0. Increasing the
magnetic field destroys the SC order giving rise to the CO marked by
a pseudo-spin flop transition at B = B0 for T < Tmin. Bco remain
flat at low T due to suppressed thermal fluctuations and rises steeply
for T > Tmin. The thermal fluctuations drive the anisotropy to zero
on the Bco and Bsc lines. As a result, the system hesitates between
the CO phase and the SC phase with no visible long-range order
marking the pseudogap phase with SU(2) fluctuations for T < T !.
(b): If the coupling strength (") between the SC and CO is not exactly
equal to the coefficient (#) of each biquadratic terms, the biquadratic
SU(2) symmetry is also broken (z0 != 0). B0

sc and B0
co (the transition

fields at T = 0) are different with a region of coexistence in between
for T < Tcs for " < #. The renormalized effective anisotropy be-
tween the CO and the SC fields become zero at T = Tcs and the
SU(2) fluctuations are observable for Tcs < T < T !. If " > #, the
strong repulsion between the fields destabilizes any coexisting phase
with a pseudo-spin flop transition at B = B0 and the B-T phase
diagram is exactly same as in (a). We sketch the phenomenological
temperature dependence of the vortex melting transition field Bm to
distinguish the upper critical field Bsc from the melting transition,
see text for details.

The thermal fluctuations are absent at T = 0. Thus, we expect
the mean field solutions for the transition fields should give
the same result as the solutions obtained in Eqs. (32) and (34)
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crease. The competition can be further substantiated by scan-
ning tunneling microscopy, which detects the short-range CO
in regions of space where the amplitude of the superconduc-
tivity is reduced (both near the vortex core47 at low fields and
surrounding Zn impurities48 at zero magnetic field).

In this paper, we will focus on the competition between
the SC and the long-range CO at high magnetic fields. This
competition is prominent in the B-T phase diagram of un-
derdoped cuprates. In Fig. 1, we show a schematic B-T
phase diagram summarizing various experiments on under-
doped (0.11 ! p ! 0.13) YBCO. Our endeavor in this work
will be to understand the following salient features of the long-
range CO in the B-T phase diagram:

1. The long-range CO phase is associated with an onset
magnetic field (Bco) which is found to be surprisingly
insensitive to the temperature and remains flat up to the
scale of Tc.35,49

2. At high magnetic fields, the long-range CO transition
temperature (Tco) is nearly independent of the magnetic
field.35 Remarkably, sound velocity measurements,35

NMR25 and thermal conductivity measurements49 all
suggest that Tco is very close to Tc and significantly
lower than T 0

co (transition temperature of the short-
range CO).

3. The sound velocity measurements35 indicated that there
exists a coexisting phase in the B-T phase diagram at
low temperatures. This was also manifested in the ther-
mal conductivity measurements49 at low temperatures,
which identified the onset field of the long-range CO to
be lower than the upper critical field of the supercon-
ductor.

In particular, we argue that the flatness of Bco is a signature
of an SU(2) symmetry between the SC and the CO. The co-
existing phase in the phase diagram is a result of a weak bi-
quadratic symmetry breaking between the two, caused by in-
teraction terms in the free energy.

Theoretically, competing orders50–64 are studied enor-
mously in the context of the underdoped cuprates. In the pres-
ence of a magnetic field, the SC is suppressed near a vortex
core. As a result, any competing order like charge density
wave,51,54,65 spin density wave52–54,66 or pair density wave67

becomes recognizable near the vortex cores. The competing
orders are often treated within a Ginzburg-Landau theory. In
particular, it was shown in Ref. 51 that the CO can coexist
with the SC in a halo surrounding the vortex core where the
SC is suppressed partially. This CO inside each halo fluctu-
ates enormously with no long-range CO. It was postulated that
only a interlayer coupling or a finite magnetic field (inducing
vortex-vortex interaction) can stabilize a true long-range CO.

In the first part of this paper (Sec. II), we focus on a similar
Ginzburg-Landau theory of the competing SC and 2D CO, but
in a different perspective. We will treat a Ginzburg-Landau
free energy with effective homogeneous order parameters (av-
eraging the vortex induced inhomogeneities) near the upper
critical magnetic field of the superconductor. In this approach,

FIG. 1. A schematic B-T phase diagram of underdoped YBCO sum-
marizing various experiments. Type-II superconductors have two
critical fields: a lower critical field (Bc1) and a upper critical field
(Bc2). The system completely expels magnetic fields for B < Bc1

showing the Meissner effect and allows magnetic field flux lines to
penetrate at various locations (called vortices) for Bc1 < B < Bc2.
Cuprates have very low Bc1 and so form vortices with the appli-
cation of a very small magnetic field. Bc2 varies with temperature
as shown in the figure and its exact profile depends on the specifics
of the sample. At low temperatures, the vortices form periodic ar-
rays called vortex solid with local short-range charge modulations
inside the vortex core. Increasing the temperature, this solid melts
for B > Bm. Though Bm has a different temperature dependence
than Bc2, it intersects the Bc2 line in the two different limits of zero
temperature and zero magnetic field. At high magnetic field, system
shows a long-range charge density wave order with the transition
field Bco. Bco is insensitive to temperature at low temperatures and
marks a sudden rise. Tco is the temperature at high magnetic fields
where the charge order marks a transition to the pseudogap phase.
Tco is effectively insensitive to the magnetic field. The green region
is the pseudogap phase where one looses any coherence of either
charge or superconducting order. The pseudogap phase persists for
temperatures below T !, which is very large compared to Tc or Tco.
At low temperatures, the magenta charge order region merges with
the blue superconducting order region showing the coexistence of
both the orders. The short-range charge order is present even for low
magnetic fields, but is not shown in this schematic.

the magnetic field renormalizes the effective mass (coefficient
of the quadratic term of order parameters in the free energy) of
the SC order parameter. We couple this effective free energy
of the SC with the free energy of the CO and study the com-
petition. Note that we only consider the long-range CO. We
phenomenologically construct the B-T phase diagram with in-
creasing coupling strength between the two orders. This helps
us quantifying the relation between the region of the coex-
isting phase and different parameters in the Ginzburg-Landau
theory (like coupling strength and the mass of the two order
parameters). We show that a strong competition between the
SC and the CO leads to a phase diagram with no coexisting
phase. Within this mean field picture, we infer that the tem-
perature insensitivity of Bco is specific to an extreme fine tun-
ing of the temperature dependence of each mass parameter.
We demonstrate that, for a range of parameters, there is an en-
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crease. The competition can be further substantiated by scan-
ning tunneling microscopy, which detects the short-range CO
in regions of space where the amplitude of the superconduc-
tivity is reduced (both near the vortex core47 at low fields and
surrounding Zn impurities48 at zero magnetic field).

In this paper, we will focus on the competition between
the SC and the long-range CO at high magnetic fields. This
competition is prominent in the B-T phase diagram of un-
derdoped cuprates. In Fig. 1, we show a schematic B-T
phase diagram summarizing various experiments on under-
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range CO in the B-T phase diagram:
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field.35 Remarkably, sound velocity measurements,35
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suggest that Tco is very close to Tc and significantly
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3. The sound velocity measurements35 indicated that there
exists a coexisting phase in the B-T phase diagram at
low temperatures. This was also manifested in the ther-
mal conductivity measurements49 at low temperatures,
which identified the onset field of the long-range CO to
be lower than the upper critical field of the supercon-
ductor.

In particular, we argue that the flatness of Bco is a signature
of an SU(2) symmetry between the SC and the CO. The co-
existing phase in the phase diagram is a result of a weak bi-
quadratic symmetry breaking between the two, caused by in-
teraction terms in the free energy.

Theoretically, competing orders50–64 are studied enor-
mously in the context of the underdoped cuprates. In the pres-
ence of a magnetic field, the SC is suppressed near a vortex
core. As a result, any competing order like charge density
wave,51,54,65 spin density wave52–54,66 or pair density wave67

becomes recognizable near the vortex cores. The competing
orders are often treated within a Ginzburg-Landau theory. In
particular, it was shown in Ref. 51 that the CO can coexist
with the SC in a halo surrounding the vortex core where the
SC is suppressed partially. This CO inside each halo fluctu-
ates enormously with no long-range CO. It was postulated that
only a interlayer coupling or a finite magnetic field (inducing
vortex-vortex interaction) can stabilize a true long-range CO.

In the first part of this paper (Sec. II), we focus on a similar
Ginzburg-Landau theory of the competing SC and 2D CO, but
in a different perspective. We will treat a Ginzburg-Landau
free energy with effective homogeneous order parameters (av-
eraging the vortex induced inhomogeneities) near the upper
critical magnetic field of the superconductor. In this approach,
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critical fields: a lower critical field (Bc1) and a upper critical field
(Bc2). The system completely expels magnetic fields for B < Bc1

showing the Meissner effect and allows magnetic field flux lines to
penetrate at various locations (called vortices) for Bc1 < B < Bc2.
Cuprates have very low Bc1 and so form vortices with the appli-
cation of a very small magnetic field. Bc2 varies with temperature
as shown in the figure and its exact profile depends on the specifics
of the sample. At low temperatures, the vortices form periodic ar-
rays called vortex solid with local short-range charge modulations
inside the vortex core. Increasing the temperature, this solid melts
for B > Bm. Though Bm has a different temperature dependence
than Bc2, it intersects the Bc2 line in the two different limits of zero
temperature and zero magnetic field. At high magnetic field, system
shows a long-range charge density wave order with the transition
field Bco. Bco is insensitive to temperature at low temperatures and
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where the charge order marks a transition to the pseudogap phase.
Tco is effectively insensitive to the magnetic field. The green region
is the pseudogap phase where one looses any coherence of either
charge or superconducting order. The pseudogap phase persists for
temperatures below T !, which is very large compared to Tc or Tco.
At low temperatures, the magenta charge order region merges with
the blue superconducting order region showing the coexistence of
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the magnetic field renormalizes the effective mass (coefficient
of the quadratic term of order parameters in the free energy) of
the SC order parameter. We couple this effective free energy
of the SC with the free energy of the CO and study the com-
petition. Note that we only consider the long-range CO. We
phenomenologically construct the B-T phase diagram with in-
creasing coupling strength between the two orders. This helps
us quantifying the relation between the region of the coex-
isting phase and different parameters in the Ginzburg-Landau
theory (like coupling strength and the mass of the two order
parameters). We show that a strong competition between the
SC and the CO leads to a phase diagram with no coexisting
phase. Within this mean field picture, we infer that the tem-
perature insensitivity of Bco is specific to an extreme fine tun-
ing of the temperature dependence of each mass parameter.
We demonstrate that, for a range of parameters, there is an en-

s-wave PDW or supersolid phase 
modulations at 4 lattice sites

Coherent with STM (Hamidian et al. 
2016)

Recent field induced results 
Show d-wave PDW modulated 
At 8 lattice spacings 
Cf PA Lee’s theory 
(Edkins 2018) 

So far X-ray didn’t see 
anything



43

10

If !0 > 0, only the SC phase is stable. In this phase, we
study the fluctuations around the corresponding mean field so-
lution of u. In the absence of external magnetic field, the gap
in the excitations of the pseudo-spin corresponds to the differ-
ence of the masses of the SC and CO fields. So, Eg = 2!0.
The transition temperature from the SC phase to the pseudo-
gap phase i.e., the temperature where the effective coupling
constant t diverges is given by:

Tc =
2"#0s

ln
!

!2

2!0

" (30)

At this temperature, the anisotropy ! also goes to zero. The
pseudogap temperature (T !) is controlled by #0s and thus can
be significantly higher than Tc.

In the presence of an external magnetic field, the gap in the
excitation spectrum Eg or the energy required to break the
long-range SC coherence is replaced by:

Esc
g = 2!0 ! $B (31)

where $ is a constant. In the presence of magnetic field, the
SC order parameter becomes inhomogeneous below a length
scale which is given by the coherence length (%) of the su-
perconductor. Hence, the minimum length of this effective
homogeneous RG analysis is constrained by % and thus the
upper momentum cutoff is given by ! = %"1. In a cuprate
superconductor, % is quite small compared to the penetration
depth. The transition magnetic field (Bsc) where t diverges is
given by:

Bsc = B0

#

1!
1

2%2!0
exp

$

!
2"#0s
T

%&

(32)

where the SC phase is stabilized for B < B0 and B0 =
(2!0)/$. If the ground state is the CO phase, we have to con-
sider the fluctuations of the nonlinear sigma model around the
mean field solution u = I. RG equations and solutions are
equivalent to the case when the ground state is the SC phase,
but Eg is now replaced by:

Eco
g = !2!0 + $B (33)

The transition magnetic field (Bco) is thus given by:

Bco = B0

#

1 +
1

2%2!0
exp

$

!
2"#0s
T

%&

(34)

where the CO phase is stabilized for B > B0.
It is important to note that Bco(T = 0) = Bsc(T = 0) =

B0. B0 is the zero temperature upper critical field for the su-
perconductor in the presence of strong competition with the
CO phase. At T = 0, the ground state of the system is the
SC phase for B < B0 and the ground state is the CO phase
for B > B0. Thus, there is no coexisting phase in the B-
T phase diagram if only the quadratic symmetry is broken
(!0 "= 0, z0 = 0). In terms of the composite order parameter,
the pseudo-spin flops from a direction aligned in the SC easy
plane to a direction aligned in the CO easy plane at B = B0.

FIG. 6. The B-T phase diagram obtained within a renormaliza-
tion group treatment of the classical nonlinear sigma model. (a):
Anisotropy (!0) between the masses of the SC and CO fields induces
a quadratic symmetry breaking at T = 0 and B = 0. Increasing the
magnetic field destroys the SC order giving rise to the CO marked by
a pseudo-spin flop transition at B = B0 for T < Tmin. Bco remain
flat at low T due to suppressed thermal fluctuations and rises steeply
for T > Tmin. The thermal fluctuations drive the anisotropy to zero
on the Bco and Bsc lines. As a result, the system hesitates between
the CO phase and the SC phase with no visible long-range order
marking the pseudogap phase with SU(2) fluctuations for T < T !.
(b): If the coupling strength (") between the SC and CO is not exactly
equal to the coefficient (#) of each biquadratic terms, the biquadratic
SU(2) symmetry is also broken (z0 != 0). B0

sc and B0
co (the transition

fields at T = 0) are different with a region of coexistence in between
for T < Tcs for " < #. The renormalized effective anisotropy be-
tween the CO and the SC fields become zero at T = Tcs and the
SU(2) fluctuations are observable for Tcs < T < T !. If " > #, the
strong repulsion between the fields destabilizes any coexisting phase
with a pseudo-spin flop transition at B = B0 and the B-T phase
diagram is exactly same as in (a). We sketch the phenomenological
temperature dependence of the vortex melting transition field Bm to
distinguish the upper critical field Bsc from the melting transition,
see text for details.

The thermal fluctuations are absent at T = 0. Thus, we expect
the mean field solutions for the transition fields should give
the same result as the solutions obtained in Eqs. (32) and (34)
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4. Heisenberg-Heisenberg FP: !!
! != 0, !!

" != 0, "! = 0

5. First order FP: !!
! = !!

" = "!, #!
! = #!

"

6. Second order FP: !!
! != !!

" != "!, #!
! != #!

"

The first four FP give "! = 0 where the SC order and the
CO are decoupled. They represent the transition from the SC
phase to the normal state and the transition from the CO phase
to the normal state. The fifth FP corresponds to the situation
of the enhanced symmetry of O(N1+N2) where the effective
free energy landscape looks similar to Fig. 2(e) and (i). This
FP describes the first order transition from the SC phase to the
CO phase. The sixth FP satisfies the mean field criterion for
coexistence ("!2 < !!

!!
!
") and represent the free energy land-

scape similar to Fig. 2(c) and (g). The bare parameters depend
on the applied magnetic field (B) and temperature (T ). The
transition lines in the B-T phase diagram can be determined by
studying the stability of the FP. The stability of the FP depends
crucially on the values of N1, N2, N1 + N2 and the dimen-
sion of the system. There are several analytical and numerical
studies of the stability of these FP in three dimensions.82–85

But the stability of the FP in the case of two dimensions86–89

is more complex and is still an open question. So, it is diffi-
cult to pinpoint whether the B-T phase diagram obtained in a
competing order formalism can include a coexisting phase or
not.

Moreover, in 2D, the amplitude fluctuations play no role
in deciding the critical behavior. Instead, the thermal phase
fluctuations, captured by the renormalizations of the gradi-
ent terms, are important in deciding the phase boundaries.90,91

The RG approach discussed in the preceding paragraph treats
only the amplitude renormalizations and does not take care of
the renormalizations of the gradient terms. Hence, the temper-
ature dependence in the B-T phase diagrams found from the
analysis of Eq. (1) is not expected to give the correct trends in
two spatial dimensions.

In this section, we described the GL theory of the compet-
ing superconducting and charge orders in the presence of a
magnetic field. We constructed the B-T phase diagram for
different strengths of the competition and discussed the possi-
bility of explaining the experimentally observed features. As
evident from Fig. 3, strengthening the competition between
the SC and the CO fields disfavors any coexisting phase in
the phase diagram. Bsc"sc+co for "2 < !!!" and Bsc"co

for "2 " !!!" are flat only if the temperature dependences
of #! and #" are extremely fine tuned (Fig. 5). Further, the
similarity of the Tc at zero field and Tco at high field cannot
be established in this picture (see Eqs. (20) and (21)). These
features make us believe that the B-T phase diagram of un-
derdoped cuprates is hard to explain within a GL theory of
competing orders.

In Sec. II A, we could identify a parameter regime where the
free energy shows an enlarged O(N1 + N2) symmetry. The
enlarged symmetry puts a constraint (Eq. 9) on the SC and the
CO fields if the two orders are energetically degenerate. We
now turn our discussion to an emergent SU(2) theory where
the strongly competing SC order and the CO are nearly de-

generate in energy. In the next section, we will first introduce
this SU(2) theory and then construct the B-T phase diagram
using a renormalization group treatment.

III. SU(2) SYMMETRY BETWEEN CO AND SC: NON
LINEAR SIGMA MODEL

Underdoped cuprates69,92 are often described by a two di-
mensional spin-fermion model.93,94 This model features the
pseudogap phase69 characterizing an emergent SU(2) sym-
metry connecting a d-wave superconductor and a quadrupole
density wave. This quadrupole density wave corresponds to
charge density modulations65,95–97 in the 2D CuO2 plane. The

wave vector ( $Q) of this CO is typically incommensurate and

is taken to be momentum dependent.96 $Q can therefore cor-
respond to both a unidirectional stripe-like charge order and
a bidirectional checkerboard charge order.96,97 In this section,
we focus on the SU(2) symmetry between the SC and the 2D
CO, without going into the details of the directionality of the
CO. This theory though has broader applicability in describ-
ing the symmetry of the CO. We expect that the presence of an
interlayer coupling between the 2D CuO2 planes will magnify

the intensity of a specific component of $Q in X-ray scattering
experiments.77

Within this formalism, we can define a composite SU(2)
order parameter, uSU(2) = u!SU(2),

69 where u is:

u =

!

% &
#&! %!

"

(22)

The matrix u is parametrized by two complex order parame-
ters: the d-wave SC order parameter (&) and the d-wave CO
order parameter (%). u is a unitary matrix imposing a strong
constraint on each of its components:

%2 + &2 = 1 (23)

Thus, u2
SU(2) = !2

SU(2). The composite order parameter can

be thought of as a pseudo-spin in four dimensions with two
SC components and two CO components. !2

SU(2) sets the

length of this pseudo-spin. The length of this pseudo-spin can
be described by a Ginzburg-Landau mean field theory. It goes
to zero at a high mean field temperature, which we character-
ize as the pseudogap temperature (T !).69 T ! controls the high
energy physics of the problem. Below T !, Eq. 23 describes a
three dimensional hypersphere S3 in a four dimensional space.
The transverse fluctuations of the composite order parameter
on this hypersphere are described by an O(4) non linear sigma
model (NLSM):69

F

T
=

1

t0

#

tr[$u†$u+ '0(3u
†(3u]dR (24)

where '0 = (##
" # ##

!)/2 is the difference of the zero tem-

perature masses of the SC and CO fields, t0 = 2T/)0s is the
scaled temperature, )0s being the stiffness associated with spa-
tial variation of the composite order parameter u, (3 is the
third Pauli spin matrix in the space of the matrix u, tr is the

O(3) Non linear Sigma Model 

D. Chakraborty  et al. PRB (2018)
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If !0 > 0, only the SC phase is stable. In this phase, we
study the fluctuations around the corresponding mean field so-
lution of u. In the absence of external magnetic field, the gap
in the excitations of the pseudo-spin corresponds to the differ-
ence of the masses of the SC and CO fields. So, Eg = 2!0.
The transition temperature from the SC phase to the pseudo-
gap phase i.e., the temperature where the effective coupling
constant t diverges is given by:

Tc =
2"#0s

ln
!

!2

2!0

" (30)

At this temperature, the anisotropy ! also goes to zero. The
pseudogap temperature (T !) is controlled by #0s and thus can
be significantly higher than Tc.

In the presence of an external magnetic field, the gap in the
excitation spectrum Eg or the energy required to break the
long-range SC coherence is replaced by:

Esc
g = 2!0 ! $B (31)

where $ is a constant. In the presence of magnetic field, the
SC order parameter becomes inhomogeneous below a length
scale which is given by the coherence length (%) of the su-
perconductor. Hence, the minimum length of this effective
homogeneous RG analysis is constrained by % and thus the
upper momentum cutoff is given by ! = %"1. In a cuprate
superconductor, % is quite small compared to the penetration
depth. The transition magnetic field (Bsc) where t diverges is
given by:

Bsc = B0

#

1!
1

2%2!0
exp

$

!
2"#0s
T

%&

(32)

where the SC phase is stabilized for B < B0 and B0 =
(2!0)/$. If the ground state is the CO phase, we have to con-
sider the fluctuations of the nonlinear sigma model around the
mean field solution u = I. RG equations and solutions are
equivalent to the case when the ground state is the SC phase,
but Eg is now replaced by:

Eco
g = !2!0 + $B (33)

The transition magnetic field (Bco) is thus given by:

Bco = B0

#

1 +
1

2%2!0
exp

$

!
2"#0s
T

%&

(34)

where the CO phase is stabilized for B > B0.
It is important to note that Bco(T = 0) = Bsc(T = 0) =

B0. B0 is the zero temperature upper critical field for the su-
perconductor in the presence of strong competition with the
CO phase. At T = 0, the ground state of the system is the
SC phase for B < B0 and the ground state is the CO phase
for B > B0. Thus, there is no coexisting phase in the B-
T phase diagram if only the quadratic symmetry is broken
(!0 "= 0, z0 = 0). In terms of the composite order parameter,
the pseudo-spin flops from a direction aligned in the SC easy
plane to a direction aligned in the CO easy plane at B = B0.

FIG. 6. The B-T phase diagram obtained within a renormaliza-
tion group treatment of the classical nonlinear sigma model. (a):
Anisotropy (!0) between the masses of the SC and CO fields induces
a quadratic symmetry breaking at T = 0 and B = 0. Increasing the
magnetic field destroys the SC order giving rise to the CO marked by
a pseudo-spin flop transition at B = B0 for T < Tmin. Bco remain
flat at low T due to suppressed thermal fluctuations and rises steeply
for T > Tmin. The thermal fluctuations drive the anisotropy to zero
on the Bco and Bsc lines. As a result, the system hesitates between
the CO phase and the SC phase with no visible long-range order
marking the pseudogap phase with SU(2) fluctuations for T < T !.
(b): If the coupling strength (") between the SC and CO is not exactly
equal to the coefficient (#) of each biquadratic terms, the biquadratic
SU(2) symmetry is also broken (z0 != 0). B0

sc and B0
co (the transition

fields at T = 0) are different with a region of coexistence in between
for T < Tcs for " < #. The renormalized effective anisotropy be-
tween the CO and the SC fields become zero at T = Tcs and the
SU(2) fluctuations are observable for Tcs < T < T !. If " > #, the
strong repulsion between the fields destabilizes any coexisting phase
with a pseudo-spin flop transition at B = B0 and the B-T phase
diagram is exactly same as in (a). We sketch the phenomenological
temperature dependence of the vortex melting transition field Bm to
distinguish the upper critical field Bsc from the melting transition,
see text for details.

The thermal fluctuations are absent at T = 0. Thus, we expect
the mean field solutions for the transition fields should give
the same result as the solutions obtained in Eqs. (32) and (34)
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4. Heisenberg-Heisenberg FP: !!
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5. First order FP: !!
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6. Second order FP: !!
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The first four FP give "! = 0 where the SC order and the
CO are decoupled. They represent the transition from the SC
phase to the normal state and the transition from the CO phase
to the normal state. The fifth FP corresponds to the situation
of the enhanced symmetry of O(N1+N2) where the effective
free energy landscape looks similar to Fig. 2(e) and (i). This
FP describes the first order transition from the SC phase to the
CO phase. The sixth FP satisfies the mean field criterion for
coexistence ("!2 < !!

!!
!
") and represent the free energy land-

scape similar to Fig. 2(c) and (g). The bare parameters depend
on the applied magnetic field (B) and temperature (T ). The
transition lines in the B-T phase diagram can be determined by
studying the stability of the FP. The stability of the FP depends
crucially on the values of N1, N2, N1 + N2 and the dimen-
sion of the system. There are several analytical and numerical
studies of the stability of these FP in three dimensions.82–85

But the stability of the FP in the case of two dimensions86–89

is more complex and is still an open question. So, it is diffi-
cult to pinpoint whether the B-T phase diagram obtained in a
competing order formalism can include a coexisting phase or
not.

Moreover, in 2D, the amplitude fluctuations play no role
in deciding the critical behavior. Instead, the thermal phase
fluctuations, captured by the renormalizations of the gradi-
ent terms, are important in deciding the phase boundaries.90,91

The RG approach discussed in the preceding paragraph treats
only the amplitude renormalizations and does not take care of
the renormalizations of the gradient terms. Hence, the temper-
ature dependence in the B-T phase diagrams found from the
analysis of Eq. (1) is not expected to give the correct trends in
two spatial dimensions.

In this section, we described the GL theory of the compet-
ing superconducting and charge orders in the presence of a
magnetic field. We constructed the B-T phase diagram for
different strengths of the competition and discussed the possi-
bility of explaining the experimentally observed features. As
evident from Fig. 3, strengthening the competition between
the SC and the CO fields disfavors any coexisting phase in
the phase diagram. Bsc"sc+co for "2 < !!!" and Bsc"co

for "2 " !!!" are flat only if the temperature dependences
of #! and #" are extremely fine tuned (Fig. 5). Further, the
similarity of the Tc at zero field and Tco at high field cannot
be established in this picture (see Eqs. (20) and (21)). These
features make us believe that the B-T phase diagram of un-
derdoped cuprates is hard to explain within a GL theory of
competing orders.

In Sec. II A, we could identify a parameter regime where the
free energy shows an enlarged O(N1 + N2) symmetry. The
enlarged symmetry puts a constraint (Eq. 9) on the SC and the
CO fields if the two orders are energetically degenerate. We
now turn our discussion to an emergent SU(2) theory where
the strongly competing SC order and the CO are nearly de-

generate in energy. In the next section, we will first introduce
this SU(2) theory and then construct the B-T phase diagram
using a renormalization group treatment.

III. SU(2) SYMMETRY BETWEEN CO AND SC: NON
LINEAR SIGMA MODEL

Underdoped cuprates69,92 are often described by a two di-
mensional spin-fermion model.93,94 This model features the
pseudogap phase69 characterizing an emergent SU(2) sym-
metry connecting a d-wave superconductor and a quadrupole
density wave. This quadrupole density wave corresponds to
charge density modulations65,95–97 in the 2D CuO2 plane. The

wave vector ( $Q) of this CO is typically incommensurate and

is taken to be momentum dependent.96 $Q can therefore cor-
respond to both a unidirectional stripe-like charge order and
a bidirectional checkerboard charge order.96,97 In this section,
we focus on the SU(2) symmetry between the SC and the 2D
CO, without going into the details of the directionality of the
CO. This theory though has broader applicability in describ-
ing the symmetry of the CO. We expect that the presence of an
interlayer coupling between the 2D CuO2 planes will magnify

the intensity of a specific component of $Q in X-ray scattering
experiments.77

Within this formalism, we can define a composite SU(2)
order parameter, uSU(2) = u!SU(2),

69 where u is:

u =

!

% &
#&! %!

"

(22)

The matrix u is parametrized by two complex order parame-
ters: the d-wave SC order parameter (&) and the d-wave CO
order parameter (%). u is a unitary matrix imposing a strong
constraint on each of its components:

%2 + &2 = 1 (23)

Thus, u2
SU(2) = !2

SU(2). The composite order parameter can

be thought of as a pseudo-spin in four dimensions with two
SC components and two CO components. !2

SU(2) sets the

length of this pseudo-spin. The length of this pseudo-spin can
be described by a Ginzburg-Landau mean field theory. It goes
to zero at a high mean field temperature, which we character-
ize as the pseudogap temperature (T !).69 T ! controls the high
energy physics of the problem. Below T !, Eq. 23 describes a
three dimensional hypersphere S3 in a four dimensional space.
The transverse fluctuations of the composite order parameter
on this hypersphere are described by an O(4) non linear sigma
model (NLSM):69

F

T
=

1

t0

#

tr[$u†$u+ '0(3u
†(3u]dR (24)

where '0 = (##
" # ##

!)/2 is the difference of the zero tem-

perature masses of the SC and CO fields, t0 = 2T/)0s is the
scaled temperature, )0s being the stiffness associated with spa-
tial variation of the composite order parameter u, (3 is the
third Pauli spin matrix in the space of the matrix u, tr is the

O(3) Non linear Sigma Model 
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trace over the space of u and the integration is over the two di-
mensional real space coordinates. !0s is proportional to T !.69

The free energy functional in Eq. (24) has two primary contri-
butions:

• The first term tr[!u†!u] can be written in terms of the
fields as 2(|!"|2 + |!#|2). This term describes the
spatial fluctuations of " and #. If the mass of the SC
field ($"

!) is same as the mass of the CO field ($"
"), i.e.,

%0 = 0, the SC and CO ground states are energetically
degenerate resulting in an exact SU(2) symmetry. There
is then no energy cost associated with the rotation of the
pseudo-spin in the four dimensional space of the com-
posite order parameter u. With %0 = 0, the two dimen-
sional NLSM in Eq. (24) at finite t produces divergent
fluctuations69,80 destroying any long-range order in " or
#.

• The second term tr[%0&3u†&3u] can be written in terms
of the fields as 2%0(|#|2 " |"|2). This term breaks the
degeneracy between the SC and CO ground states. If
%0 > 0, the pseudo-spin prefers the easy plane in the
SC space characterized by a gapless Goldstone mode.
If %0 < 0, the pseudo-spin prefers the easy plane in
the CO space characterized by another gapless Gold-
stone mode. %0 introduces an anisotropy between the
SC and CO easy planes. Thus, %0 defines the energy
cost to rotate the pseudo-spin from one easy plane to
the other and introduces a gap in the excitations of the
pseudo-spin. This gap is small compared to the pseudo-
gap energy scale (T !) and the fluctuations governed by
the first term in Eq. (24) are still important indicating
an approximate SU(2) symmetry. Since this anisotropy
term in Eq. (24) is quadratic in fields, we refer to its
effect as quadratic symmetry breaking.

The energy difference between the two ground states can be
further enhanced if the exact SU(2) symmetry is broken by the
biquadratic terms in the free energy of the composite order
parameter. The contribution from the biquadratic symmetry
breaking in the free energy is given by:

Fbq

T
=

1

t0

!

z0
"

#

tr[&3u
†&3u]

$2
" 1
%

dR (25)

where z0 = (' " ()/4 with ( being the coupling strength
between the two orders and ' being the strength of the self
interaction of both the fields. Expressing u in terms of " and
#, Eq. (25) is given as "4z0|"|2|#|2. If ( = ', Fbq = 0
and the biquadratic terms do not contribute to the free energy.
For ( < ', the gap in the excitations of the pseudo-spin is
modified by the strength of the biquadratic symmetry breaking
(z0). In the parameter regime "z0 < %0 < z0, the total free
energy (F +Fbq) accommodates a coexisting phase with both
the SC and the CO being stable. The pseudo-spin prefers an
intermediate direction making a finite angle with both the SC
easy plane and the CO easy plane. On the other hand, if ( >
', the repulsion between the fields is large and there exists no
coexistence and the situation is similar to the case when Fbq =
0. We will assume that z0 is small such that the approximate
SU(2) symmetry is still valid for T < T !.

A. Renormalization group treatment of the classical NLSM

As discussed Sec. II C, the thermal fluctuations play a sig-
nificant role in deciding the critical phenomenon in two spa-
tial dimensions. We perform a renormalization group calcu-
lation to take care of these critical fluctuations described by
the NLSM. In this section, we will not consider any time-
dependent fluctuations nor the fluctuations in the modulus of
the order parameters. Although, we will discuss the effects
of time-dependent fluctuations in Sec. III B. Here, we will
look at two cases of weak SU(2) symmetry breaking: a) only
quadratic symmetry breaking (%0 #= 0 and z0 = 0), where the
free energy will be given by Eq. (24) b) both quadratic and
biquadratic symmetry breaking (%0 #= 0 and z0 #= 0), where
the total free energy is given by F + Fbq (F obtained from
Eq. (24) and Fbq obtained from Eq. (25)).

First, we consider the case with only quadratic symmetry
breaking (z0 = 0). We treat the fluctuations around the mean
field phase of the classical NLSM in Eq. (24) using the renor-
malization group approach. We integrate out the fast varying
components of the free energy in Eq. (24) and write an effec-
tive slow varying counterpart with effective coupling constant
t and anisotropy parameter %. Within one loop approxima-
tion, the RG flow equations (for details see appendix B) for
the effective parameters are given by:

dt

dl
=

t2

2)
(26)

d
#

ln
#

#
t

$$

dl
= "

t

)
+ 2 (27)

where l is the running logarithm variable of the RG. The so-
lutions of Eqs. (26) and (27) determine the flow of the renor-
malized parameters of the free energy. At l = 0, t = t0 and
% = %0, where t0 and %0 are the bare values of the parame-
ters. There is an ultraviolet momentum cutoff, ! which cor-
responds to the inverse of the minimum length of the theory.

Additionally, there is an infrared cutoff E1/2
g where Eg corre-

sponds to the gap in the excitation spectrum. The RG flow of

Eqs. (26) and (27) stops at l = ln(!/E1/2
g ). The solutions of

the effective parameters are:

t = t0

&

1"
t0
2)

ln

&

!

E1/2
g

''#1

(28)

% = %0

&

!

E1/2
g

'2&

1"
t0
2)

ln

&

!

E1/2
g

''

(29)

The divergence of the effective coupling constant t in Eq. (28)
can be seen as an evidence of a transition from an ordered
phase to a disordered phase. Along with the divergence of t,
the effective anisotropy % also goes to zero. The system, thus
goes to a mixture of fluctuating SC and CO with no long-range
order, which is characterized as the pseudogap phase.
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If !0 > 0, only the SC phase is stable. In this phase, we
study the fluctuations around the corresponding mean field so-
lution of u. In the absence of external magnetic field, the gap
in the excitations of the pseudo-spin corresponds to the differ-
ence of the masses of the SC and CO fields. So, Eg = 2!0.
The transition temperature from the SC phase to the pseudo-
gap phase i.e., the temperature where the effective coupling
constant t diverges is given by:

Tc =
2"#0s

ln
!

!2

2!0

" (30)

At this temperature, the anisotropy ! also goes to zero. The
pseudogap temperature (T !) is controlled by #0s and thus can
be significantly higher than Tc.

In the presence of an external magnetic field, the gap in the
excitation spectrum Eg or the energy required to break the
long-range SC coherence is replaced by:

Esc
g = 2!0 ! $B (31)

where $ is a constant. In the presence of magnetic field, the
SC order parameter becomes inhomogeneous below a length
scale which is given by the coherence length (%) of the su-
perconductor. Hence, the minimum length of this effective
homogeneous RG analysis is constrained by % and thus the
upper momentum cutoff is given by ! = %"1. In a cuprate
superconductor, % is quite small compared to the penetration
depth. The transition magnetic field (Bsc) where t diverges is
given by:

Bsc = B0
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where the SC phase is stabilized for B < B0 and B0 =
(2!0)/$. If the ground state is the CO phase, we have to con-
sider the fluctuations of the nonlinear sigma model around the
mean field solution u = I. RG equations and solutions are
equivalent to the case when the ground state is the SC phase,
but Eg is now replaced by:

Eco
g = !2!0 + $B (33)

The transition magnetic field (Bco) is thus given by:

Bco = B0
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where the CO phase is stabilized for B > B0.
It is important to note that Bco(T = 0) = Bsc(T = 0) =

B0. B0 is the zero temperature upper critical field for the su-
perconductor in the presence of strong competition with the
CO phase. At T = 0, the ground state of the system is the
SC phase for B < B0 and the ground state is the CO phase
for B > B0. Thus, there is no coexisting phase in the B-
T phase diagram if only the quadratic symmetry is broken
(!0 "= 0, z0 = 0). In terms of the composite order parameter,
the pseudo-spin flops from a direction aligned in the SC easy
plane to a direction aligned in the CO easy plane at B = B0.

FIG. 6. The B-T phase diagram obtained within a renormaliza-
tion group treatment of the classical nonlinear sigma model. (a):
Anisotropy (!0) between the masses of the SC and CO fields induces
a quadratic symmetry breaking at T = 0 and B = 0. Increasing the
magnetic field destroys the SC order giving rise to the CO marked by
a pseudo-spin flop transition at B = B0 for T < Tmin. Bco remain
flat at low T due to suppressed thermal fluctuations and rises steeply
for T > Tmin. The thermal fluctuations drive the anisotropy to zero
on the Bco and Bsc lines. As a result, the system hesitates between
the CO phase and the SC phase with no visible long-range order
marking the pseudogap phase with SU(2) fluctuations for T < T !.
(b): If the coupling strength (") between the SC and CO is not exactly
equal to the coefficient (#) of each biquadratic terms, the biquadratic
SU(2) symmetry is also broken (z0 != 0). B0

sc and B0
co (the transition

fields at T = 0) are different with a region of coexistence in between
for T < Tcs for " < #. The renormalized effective anisotropy be-
tween the CO and the SC fields become zero at T = Tcs and the
SU(2) fluctuations are observable for Tcs < T < T !. If " > #, the
strong repulsion between the fields destabilizes any coexisting phase
with a pseudo-spin flop transition at B = B0 and the B-T phase
diagram is exactly same as in (a). We sketch the phenomenological
temperature dependence of the vortex melting transition field Bm to
distinguish the upper critical field Bsc from the melting transition,
see text for details.

The thermal fluctuations are absent at T = 0. Thus, we expect
the mean field solutions for the transition fields should give
the same result as the solutions obtained in Eqs. (32) and (34)
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